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Preface
This dissertation lies at the intersection of several branches of mathematics–
number theory, algebraic geometry and computation theory– with problems in
modern theoretical physics, namely quantum theory, string- and M-theory. Despite
the apparent lack of focus, what I have tried to do is to show how all of these areas
are connected by the notion of a period. Introduced by Kontsevich and Zagier [38]
in a seminal paper, periods are a very special kind of numbers lying between the
algebraic closure of the rationals Q and the complex numbers C. They are typically
obtained by integrating an algebraic de Rham form along a semi-algebraic set or
a chain in singular homology. The modern theoretical framework to understand
periods is through the theory of motives, a mother cohomology theory, if one
wishes to think of it that way; avatars of these motives give rise to the plethora of
cohomology theories encountered in arithmetic and algebraic geometry.
Recently, following the work of Belkale–Brosnan and Bloch–Esnault–Kreimer,
a flurry of activity has been initiated in the direction of viewing the residue of
a Feynman integral attached to a Feynman graph (or diagram, in the physics
terminology) as periods related to mixed Tate motives– this is supposed to explain
the mystery behind the physics computations started by Broadhurst–Kreimer in
the mid nineties showing that large families of Feynman integrals evaluate to zeta
and multiple zeta values. At the same time, there has been a lot of activity in
trying to understand the Connes-Kreimer procedure for renormalization in terms
of mixed Hodge structures (again, an avatar of motives.)
Independently the work of string theorists have shown how important periods
are when discussing certain compactifications of Calabi–Yau manifolds as well as
in mirror symmetry. The literature in this area is both deep and vast.
In this dissertation, I try to contribute certain results about periods, both in
the context of Feynman graphs in quantum field theory and (more speculatively)
in the context of string Landscape of vacua. In the latter case, we also discuss
similarities between moduli of Riemannian spaces and that of Calabi-Yau complex
manifolds. In terms of new results, we show/provide:
(1) A generalization of computation of log-divergent Feynman integrals in the
case of theories with fermions; interestingly enough, in Chapter 2 we show
that the resulting periods can be viewed as periods on supermanifolds. We
hint at the possible relationship of this construction to periods of mirrors
of rigid Calabi-Yau spaces. This is joint work with Matilde Marcolli
and was published as Supermanifolds from Feynman graphs in J.Phys A:
Math. Theor. 41 (2008) 315402 (21pp).
(2) The central work-horse of the motivic interpretation of Feynman periods
is the Kirchhoff polynomial; setting this homogenous polynomial to zero
v
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and thus obtaining a projective hypersurface gives us a basic geometric
object to work with. In Chapter 3 we provide an explicit combinatorial
formula for the Kirchhoff polynomial for a graph inserted into another
graph. With this formula at hand we deduce several features of the singular loci of the graph hypersurfaces. One is reminded motives associated
to Feynman graph hypersurfaces are of mixed type precisely because they
are singular, so there is a natural interest in studying the singularity structure. We also take some first steps at understanding the characteristic
classes of graph hypersurfaces using a computer program developed by
Aluffi. This is joint work with Christoph Bergbauer, to be reported
as a preprint soon.
(3) The Landscape of string vacua is perhaps the most hotly debated subject
in cosmology and string theory these days. We use questions related
to algorithmic undecidability and computational complexity theory to
show that distinguishing points on the Landscape may be conceptually
harder than previously expected. Right at the concluding section of this
Chapter, we make “full circle” and return to questions about periods
and their computational properties. This Chapter is based on my paper
Turing’s Landscape: decidability, computability and complexity in string
theory available at the arXiv as arXiv:0909.1869v1 [hep-th].
We have also including an introductory chapter on the theory of motives for nonspecialists, the justification for introducing a rather disproportionate amount of
expository material being the relative lack of accessible accounts of (the technically simpler) aspects of motives most relevant for theoretical physics. This
Chapter is available as an arXiv preprint Motives: an introductory survey for
physicists (with an appendix by Matilde Marcolli which we omit from this Chapter), arXiv:0907.4046v2 [hep-th].
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CHAPTER 1

Motives: An introduction for non-specialists
The purpose of this Chapter is to familiarize an audience of physicists and other
nonspecialists with some of the algebraic and algebro-geometric background upon
which Grothendieck’s theory of motives of algebraic varieties relies. There have
been many recent developments in the interactions between high energy physics
and motives, mostly within the framework of perturbative quantum field theory
and the evaluation of Feynman diagrams as periods of algebraic varieties, though
motives are beginning to play an important role in other branched of theoretical
physics, such as string theory, especially through the recent interactions with the
Langlands program, and through the theory of BPS states. We focus here mostly
on the quantum field theoretic applications when we need to outline examples that
are of relevance to physicists. In particular, we concentrate on motives, Feynman
graphs and periods in the concluding section of this Chapter.
We describe the Grothendieck ring of varieties and its properties, since this
is where most of the explicit computations of motives associated to Feynman integrals are taking place. We then discuss the Tannakian formalism, because of
the important role that Tannakian categories and their Galois groups play in the
theory of perturbative renormalization after the work of Connes–Marcolli. We
then describe the background cohomological notions underlying the construction
of the categories of pure motives, namely the notion of Weil cohomology, and the
crucial role of algebraic cycles in the theory of motives. It is in fact mixed motives
and not the easier pure motives are involved in the application to quantum field
theory, due to the fact that the projective hypersurfaces associated to Feynman
graphs are highly singular, as well as to the fact that relative cohomologies are
involved since the integration computing the period computation that gives the
Feynman integral is defined by an integration over a domain with boundary. We
will not cover in this survey the construction of the category of mixed motives, as
this is a technically very challenging subject, which is beyond what we are able
to cover in this introduction. However, the most important thing to keep in mind
about mixed motives is that they form triangulated categories, rather than abelian
categories, except in very special cases like mixed Tate motives over a number
field, where it is known that an abelian category can be constructed out of the
triangulated category from a procedure known as the heart of a t-structure. For
our purposes here, we will review, as an introduction to the topic of mixed motives, some notions about triangulated categories, Bloch–Ogus cohomologies, and
mixed Hodge structures. We end by reviewing some the notion of motivic zeta
function and some facts about motivic integration. Although this last topic has
not yet found direct applications to quantum field theory, there are indications
that it may come to play a role in the subject.
1
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The contents of this Chapter covers many more things than those strictly
needed for the rest of this dissertation. In particular we will not use any of the
cohomological machinery described below; instead we would focus on classes in
the Grothendieck ring of varieties. The main purpose here is to provide a context
for much of the recent activity in this field.
1.1. The Grothendieck ring
1.1.1. Definition of the Grothendieck groups and rings. Recall the
definition of the usual Grothendieck group of vector bundles on a smooth variety
X:
Definition 1.1 (exercise 6.10 of [33]). K0 (X) is defined as the quotient of
the free abelian group generated by all vector bundles (= locally free sheaves) on
X by the subgroup generated by expressions F − F 0 − F 00 whenever there is an
exact sequence of vector bundles 0 → F 0 → F → F 00 → 0. The group K0 (X) can
be given a ring structure via the tensor product.
We remark that isomorphism classes of vector bundles form an abelian monoid
under direct sum; in fact, Grothendieck groups can be defined in a much more
general way because of the following universal property:
Proposition 1.2. Let M be an abelian monoid. There exists an abelian group
K(M ) and γ : M → K(M ) a monoid homomorphism satisfying the following
universal property: If f : M → A is a homomorphism into an abelian group A,
then there exists a unique homomorphism of abelian groups f∗ : K(M ) → A such
that the following diagram commutes:
γ

M −−−−→ K(M )



f
fy
y∗
A
A
The proof of proposition 1.2 is very simple: construct a free abelian group
F generated by M and let [x] be a generator of F corresponding to the element
x ∈ M . Denote by B the subgroup of F generated by elements of the form
[x + y] − [x] − [y] and set K(M ) to be the quotient of F by B. Letting γ to be the
injection of M into F and composing with the canonical map F → F/B shows
that γ satisfies the universal property.
One can show that projective modules over a ring A give rise to a Grothendieck
group denoted as K(A) (p. 138 of [39]). This is simply done by noting that
isomorphism classes of (finite) projective A-modules form a monoid (again under
the operation of direct sum) and taking the subgroup B to generated by elements
of the form [P ⊕ Q] − [P ] − [Q] for finite projective modules P and Q. We can
refine K(A) by imposing the following equivalence: P is equivalent to Q ⇐⇒
there exists free modules F, F 0 such that [P ⊕ F ] = [Q ⊕ F 0 ]. Taking the quotient
of K(A) with respect to this equivalence relation gives us K0 (A).
The explicit determination of K0 (and its “higher dimensional” analogues) for
a given ring A is the rich subject of algebraic K-theory. (A standard reference for
algebraic K-theory is [51]; see also the work-in-progress [57].) For the simplest
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case when A is a field, we note that K0 (A) ' Z; this immediately follows from the
definition and the trivial fact that modules over a field are vectors spaces. As a
non-trivial example, we have the following
Example 1.3 (example 2.1.4 of [57]). Let A be a semisimple ring with n simple
modules. Then K0 (A) ' Zn .
Through the theorem of Serre-Swan which demonstrates that the categories
of vector bundles and finite projective modules are equivalent, we see that definition 1.1 arise very naturally from proposition 1.2. Furthermore, the generality
of proposition 1.2 enables us construct Grothendieck groups and rings of (isomorphism classes of) other objects as well.
Let Vark the category of quasi-projective varieties over a field k. Let X be an
object of Vark and Y ,→ X a closed subvariety. Central to our purposes would be
the following
Definition 1.4. The Grothendieck ring K(Vark ) is the quotient of the free
abelian group of isomorphism classes of objects in Vark by the subgroup generated
the expressions [X] − [Y ] − [X \ Y ]. The ring structure given by fiber product:
[X] · [Y ] := [X ×k Y ].
In fact one can generalize definition 1.4 to define the Grothendieck ring of a
symmetric monodial category. Recall the following
Definition 1.5 (defintion 5.1 of chapter II of [57]). A category C is called
symmetric monoidal if there is a functor ⊗ : C → C and a distinguished I ∈
Obj (C) such that the following are isomorphisms for all S, T, U ∈ Obj (C):
I⊗S ∼
= S
S⊗I ∼
= S
∼
S ⊗ (T ⊗ U ) = (S ⊗ T ) ⊗ U
S⊗T ∼
= T ⊗ S.
Furthermore one requires the isomorphisms above to be coherent, a technical
condition that guarantees that one can write expressions like S1 ⊗ . . . ⊗ Sn without
parenthesis without ambiguity1. (See any book on category theory for the precise
definitions.)
Remark 1.6. The category Vark is symmetric monodial with the functor ⊗
given by fiber product of varieties and the unit object I given by A0 = point.
An important example of a symmetric monoidal category is furnished by the
category of finite dimensional complex representations of a finite group G (with the
morphisms given by intertwinners between representations), denoted as RepC (G).
Example 1.7 (example 5.2.3 of [57]). RepC (G) is symmetric monodial under
direct sums of representations. Furthermore, K0 (RepC (G)) ' R(G) generated by
irreducible representations and where R(G) is the representation ring of G.
1Note that we will sometimes call a symmetric monodial category an “ACU ⊗-category” and

refer to the functor ⊗ as the tensor functor.
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Note that for more general G (say an affine group scheme over an arbitrary
base), the category RepC (G) has much more structure that being merely symmetric monodial, namely it is a Tannakian category. We will turn to this rich subject
in section 1.2.
1.1.2. The Grothendieck ring of varieties K(Vark ). Recall definition
1.4. The Grothendieck ring K(Vark ) has the following properties (cf. the review
[53]):
(1) If X is a variety and U, V locally closed subvarieties in X, then
[U ∪ V ] + [U ∩ V ] = [U ] + [V ].
(2) If X isP
the disjoint union of locally closed subvarieties X1 , . . . , Xn , then
[X] = ni=1 [Xi ].
(3) Let C be a constructable subset of a variety X (that is, C is the disjoint
union of locally closed subsets of X.) Then C has a class in K(Vark ).
In section 6 of [41], Marcolli proposes a category of Feynman motivic sheaves which
involves viewing the Kirchhoff polynomial as a morphism ΨΓ : An \ XΓ → Gm
where XΓ is viewed as an affine hypersurface obtained by setting ΨΓ = 0. (Here
n is the number of edges of Γ and Gm is the multiplicative group. ) As a setting
for such relative questions, we introduce the following:
Definition 1.8 (Bittner, 2.1.1 of [53]). Let S be a variety over k. The ring
K(VarS ) is the free abelian group generated by isomorphism classes [X]S (where
X is a variety over S) modulo the relation [X]S = [X \ Y ]S + [Y ]S where Y ⊂ X is
a closed subvariety. The ring structure is induced by the fiber product of varieties.
Remark 1.9. We note the following properties of K(VarS ):
(1) K(VarS ) is a K(Vark )-module.
(2) There is an bilinear associative exterior product


K(VarS ) × K(VarT ) −→ K(VarS×k T ).
(3) Let f : S → S 0 be a morphism of varieties. It induces f! : K(VarS ) →
K(VarS 0 ) and f ∗ : K(VarS 0 ) → K(VarS ) that are functorial with respect
to : let g : T → T 0 be another morphism of varieties. Then (f × g)! (A
B) = f! (A)  g! (B) and (f × g)∗ (A  B) = f ∗ (A)  f ∗ (B).
Note that in case of S = Speck, the definition 1.8 is the same as definition 1.4.
Theorem 1.10 ([6], from [53]). Let k a field of characteristic zero. Then
K(Vark ) is generated by smooth varieties.
The idea behind the proof is this (proof of proposition 2.1.2 of [53]): Set d :=
dimX and let X ,→ X 0 for a complete variety X 0 . Writing [X]+[Z] = [X 0 ] for some
Z with dimZ ≤ d−1 and using Hironaka’s theorem, we get [X 0 ] = [X 0 ]−([C]−[E])
where C is the smooth center of the blowup X 0 and E its exceptional divisor with
dimC, dimE ≤ d−1. We can write any arbitrary X as the disjoint union of smooth
varieties in this way by inducting on d.
In K(Vark ), there are two “distinguished” classes, the class of a point [A0 ]
and the class of the affine line A1 = Speck[x] denoted as L. The standard cell
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decomposition of the projective space in terms of flags (see p.194 of [29]) can be
lifted to K(Vark ) in terms of these classes:
n

[P ] = 1 +

n−1
X

Li =

i=0

=

1 − Ln+1
1−L
(1 + T)n+1 − 1
T

where T := [A1 ] − [A0 ] the class of the torus Gm .
In order to prove this decomposition, note that [P1k \ A1k ] = [P1k ] − [A1k ] since
1
Ak ⊂ P1k is open with ∞ as the compliment. Induction gives the result since
Pn+1
\ An+1
' Pnk .
k
k
One can formally invert L in K(Vark ) to get the Tate motive denoted as Q(1).
By Q(n) one means Q(1) · · · Q(1) (n-times) and n ∈ Z is called the twist of the
Tate motive. One also sets as a matter of notation (as of now!) that Q(−1) := L.
A rather useful fact in the context of blowups of graph hypersurfaces is the
following
Proposition 1.11 ([53]). Let f : X → Y be a proper morphism of smooth
varieties which is a blowup with the smooth center Z ⊂ Y of codimension d. Then
[f −1 (Z)] = [Z][Pd−1 ].
As an example of decomposition of varieties into Lefschetz motives, we take a
family of hypersurfaces in Pn−1
1
1
+ ··· +
= 0}.
XΓn = {(t1 , . . . , tn )|ΨΓn = t1 · · · tn
t1
tn
The polynomial ΨΓn is the Kirchoff polynomial attached to a graph with two
vertices and n number of parallel edges between them (the banana graphs); it
arises in quantum field theory in the denominator of the Schwinger parametrized
integral attached to the same graph. Then we have
Example 1.12 (Aluffi-Marcolli, theorem 3.10 of [1]). The class associated to
the banana graph hypersurfaces XΓn is given by
[XΓn ] =
=

(1 + T)n − 1 Tn − (−1)n
−
− nTn−2
T
T+1
Ln − 1 (L − 1)n − (−1)n
−
− n(L − 1)n−2 .
L−1
L

There is an alternative characterization of K(Vark ) due to Bittner, which is
also sometimes useful in the context of Feynman graphs and motives.
Definition 1.13 (definition 2.3 of [53]). K bl (Vark ) is the abelian group generated by smooth complete varieties, subject to the conditions
(1) [∅] = 0 and
(2) [BlY X] = [X] − [Y ] + [E] where Y is a smooth and complete subvariety
of X and BlY X is the blowup of X along Y with the exceptional divisor
of the blowup E.

6
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We need to show that the definitions 1.4 and 1.13 do coincide, following [53].
To do this we need to show that there exists a map K(Vark )→K bl (Vark ) which is
an isomorphism. This is constructed as an induced map from a map  on varieties
satisfying e(X \ Y ) = e(X) − e(Y ). The map e is constructed in the following way:
Let X be the smooth completion of a smooth connected variety X and D = X \ X
P
a normal crossing divisor. Let us define the map e(X) = (−1)l [D(l) ]bl with D(l)
denoting the disjoint union of l-fold intersections of irreducible components of D.
([−]bl denotes a class in K bl (Vark ).) The fact that e(X) is independent of the
choice of completion X follows from the weak factorization theorem. The fact that
the e(X) = e(X \ Y ) + e(Y ) is proved by choosing a smooth and complete X ⊂ X
such that D = X \ X is simple normal crossing and the closure Y in X is smooth
and normal-crossing with divisor D. (D ∩ Y is simple normal crossings divisor in
Y .)
Yet another useful result, which can be useful in applications in the context of
Feynman graphs, is the following.
Proposition 1.14 ([53]). Let X be a smooth connected variety, Y ⊂ X a
smooth connected subvariety of X of codimension d. Let E be the exceptional
divisor of the blowup BlY X of X along Y . Then
[BlY X] = [X] + L[E] − Ld [Y ].
A consequence of proposition 1.14 is the notion of Tate twist: there is a ring
involution
L 7→ L−1 = and [X] 7→ L−dimX [X] = Q(1)dimX [X].
This is the true meaning of the Tate twist alluded above. In cohomological calculations, the product of Q(1)dimX and [X] is replaced by a tensor product of a one
dimensional rational vector space (“working mod torsion”) raised to the dimension
of the variety whose cohomology is being computed and a piece of the cohomology. In fact this correspondence between classes in K(Vark ) and cohomology is
one important aspect of the theory of motives.
The reader may wonder what K(Vark ) explicitly is and how does it depend
on k. The fact of the matter is that this is a very hard question though certain
things are known. For example, we have
Theorem 1.15 (Poonen, theorem 1 of [50]). Let k be a field of characteristic
zero. Then K(Vark ) is not an integral domain.
In fact when k = C, we have
Theorem 1.16 (Larsen–Lunts, theorem 2.3 of [40]). Let I be the ideal generated by the affine line, i.e., I = L and denote by SB the monoid of classes of stable
birational complex varieties (the monoid structure coming from fiber products of
varieties.) Then
K(Vark )/I ' Z[SB].
(Two varieties X and Y are stably birational if X × Pm is birational to Y × Pn
for m, n ≥ 0.)
In Sahasrabudhe’s thesis [53], theorem 1.16 is proved using Bittner’s definition
1.13.
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The main obstruction in obtaining results like theorems 1.15 and 1.16 in characteristic p is that those results depend crucially on the resolution of singularities
and the weak factorization of birational morphisms, statements that are not yet
known to hold true in characteristic p.
In Chapter 2 we generalize the construction of the Grothendieck ring of Vark
in a quite straightforward way for the category of complex supermanifolds.
1.2. The Tannakian formalism
1.2.1. Categorical notions. Most of the material in this section is based
on [20] and Breen’s survey of Saveedra-Rivano’s thesis under Grothendieck [52].
In a nutshell, the main idea behind a Tannakian category is to equip an abelian
category with a natural functor to vector spaces such that a fiber over each object
in this category is a finite dimensional vector space.
Let (C, ⊗) be a symmetric monoidal category.
Definition 1.17 (Internal homs). Let X, Y ∈ Obj (C) and consider the functor
F : C → Set,
T 7→ Hom(T ⊗ X, Y ).
If F = Hom(−, K) where K is some object in C, then define Hom(X, Y ) =: K.
Remark 1.18. Explicitly, Hom(T ⊗ X, Y ) = Hom(T, Hom(X, Y )). This spells
out the fact that the functor F is representable.
Example 1.19. Consider the category of all R-modules ModR . This is an
obvious tensor category with I = R. In ModR , Hom(X, Y ) = HomModR (X, Y ).
To see this, define the functor F of definition 1.17 to be T 7→ Hom(T ⊗X, Y ). Homtensor adjointness states HomModR (T ⊗ X, Y ) = HomModR (T, HomModR (X, Y ))
and hence F = HomModR (−, HomModR (X, Y )) which, by definition, proves that
Hom(X, Y ) = HomModR (X, Y ).
Let evX,Y : Hom(X, Y )⊗X → Y be the morphism corresponding to idHom(X,Y ) .
To see that this correspondence does make sense, take T = Hom(X, Y ) in definition
1.17 to get
Hom(Hom(X, Y ) ⊗ X, Y ) = Hom(Hom(X, Y ), Hom(X, Y )).
Define the dual of an object X as X̂ := Hom(X, I). For example in ModR we
have the following diagram
Hom(X, Y ) ⊗ X

evX,Y 
y

Hom(X, Y ) ⊗ X

evX,Y
y

Y

Y

and evX,Y is given by f ⊗ x = f (x), the usual evaluation map in ModR . This
shows that the abstract notion of evaluation makes sense.

8
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Definition 1.20 (Reflexive objects). Suppose we are given the following digram
Hom(X, Y )
Hom(X, Y )
x
x

evX,I
ψ

evX,I ◦ψ

X ⊗ X̂
−−−−−→
I
where X is an object in some tensor category. If evX,I ◦ ψ is an isomorphism, we
say that X is reflexive. If all objects in a tensor category are reflexive, we call the
category reflexive.
Remark 1.21. We note that the above definition does correspond to our usual
notion of reflexiveness: from the definition of internal hom,
Hom(X ⊗ X̂, I) = Hom(X, Hom(X̂, I)).
If evX,I ◦ ψ is an isomorphism, we get a correspondence
∼ ˆ
evX,I ◦ ψ ←→ X → X̂
∼ ˆ
with evX,I ◦ ψ ∈ Hom(X ⊗ X̂, I) and X → X̂ ∈ Hom(X, Hom(X̂, I)).

Of course, not all categories are reflexive. For example, a one-line argument
shows that ModR is not. (Take R = Z and consider Z/2Z.)
Putting all of these notions together, we have
Definition 1.22 (Rigid tensor category). A tensor category C is said to be
rigid if
(1) Hom(X, Y ) exists for every X, Y ∈ Obj (C).
(2) Functoriality of internal homs: All natural maps
O
O
O 
Hom(Xi , Yi ) −→ Hom
Xi ,
Yi
i∈I

i∈I

i∈I

are isomorphisms.
(3) (C, ⊗) is a reflexive category.
We need a last assumption for the main definition, namely that a tensor category be abelian. We quickly review the definition: A category A is abelian [25]
is
• Hom(X, Y ) is an abelian group for all x, y ∈ Obj (A) and composition of
morphisms is biadditive.
• There exists a zero object 0 such that Hom(0, 0) = ∅.
• For all X, Y ∈ Obj (A), there exists an object Z ∈ Obj (A) and morphisms ιX : X → Z, ιY : Y → Z, πX : Z → X and πY : Z → Y
with πX ◦ ιX = idX , πY ◦ ιY = idY and ιX ◦ πX + ιY ◦ πY = idZ and
πX ◦ ιY = πY ◦ ιX = 0.
j
k
i
c
• For any f ∈ Hom(X, Y ) there is a sequence K → X → I → Y → where
K (resp. C) is the kernel of f (resp. cokernel of f ) and such that j ◦ i = f
and I is both kernel of c and cokernel of k.
With this last piece at hand, we have
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Definition 1.23 (Neutral Tannakian category). Let k be a field of arbitrary
characteristic. A neutral Tannakian category over k is a abelian rigid tensor category C with a k-linear exact faithful functor called the fiber functor ω : C → Vectk
with Vectk the category of k-vector spaces2.
To fix notation: a neutral Tannakian category would be denoted as a tuple
(C, ⊗, ω) where ω(X ⊗ Y ) = ω(X) ⊗ ω(Y ) from the definition 1.23. Faithfulness,
exactness and k-linearity are the usual notions.
1.2.2. The structure of Repk (G). Let us come back to example 1.7 with
G an affine group scheme instead, defined over k a field of arbitrary characteristic.
Let V be a finite dimensional vector space over k. A representation of G is a
morphism of affine schemes G × V → V , denoted as ρ. The category Repk (G) is
defined in the following way.
• Objects of Repk (G) are representations (ρ, V ).
• Morphisms between two representations are intertwiners. Let (ρ1 , V1 ) and
(ρ2 , V2 ) be two representations. HomRepk (G) ((ρ1 , V1 ), (ρ2 , V2 )) consists of
maps f : V1 → V2 such that for every g ∈ G, the following diagram
commutes:
ρ1
G × V1 −−−−→ V1



f
idG ×f y
y
ρ2

G × V2 −−−−→ V2
The tensor structure is given by ρ1 ⊗ ρ2 : G → Aut(V1 ⊗k V2 ), the unit object
I : G → Aut(1) where 1 is the one-dimensional vector space with trivial G-action.
(A more general construction of Repk (G) over R, a commutative ring with identity,
ivolves V being a projective R-module of finite rank.)
By a general well-known argument, Repk (G) is equivalent to the category of
commutative (though not necessarily cocommutative) Hopf algebras3.
The main theorem along the lines of the classical Pontryajin duality is
Theorem 1.24 (Tannaka-Krein theorem). Repk (G) is a neutral Tannakian
category with ω given by the forgetful functor. Furthermore Aut⊗ (ω) ' G.
The notation Aut⊗ (ω) denotes the natural transformations of the functor ω to
itself preserving the tensor structure.
1.2.3. An equivalent definition. There is a definition of a neutral Tannakian category, due to Deligne [20], which is equivalent to definition 1.23. This
definition has the benefit of being more explicit. I present it for the benefit of the
reader who may want to gain a shift in perspective.
Let (C, ⊗) be a symmetric monoidal category over a field k with a unit object
I. (The k-linearity of the functor ⊗ is understood.) Furthermore assume (C, ⊗)
to be abelian.
Definition 1.25 (Rigid tensor category, alternate). The category (C, ⊗, I) is
rigid if
2Some authors, for example Andre [4], demand an additional Z/2Z-grading on Vect .
k
3This is a fact of vital importance in the Connes-Kreimer and Connes-Marcolli theories of

renormalization as a Riemann-Hilbert problem.

10

1. MOTIVES: AN INTRODUCTION FOR NON-SPECIALISTS

Category
Unit
Vectk
1
Repk (G) for G affine group scheme k
Flat C-vector bundles on X
CX
Connections on Gm
Ga

Dual
dual vector space V̂
V̂ with induced G-action
Eb = Hom(E, CX )
b ∇)
b
(E,

Table 1. Examples of rigid tensor categories

(1) End(I) = Hom(I, I) ' k,
(2) For all X ∈ Obj (C) there exist objects X̂ ∈ Obj (C) and morphisms
δ : I → X̂ ⊗ X and ev : X ⊗ X̂ → I such that
id⊗δ

ev⊗id

δ⊗id

id⊗ev

X −→ X ⊗ X̂ ⊗ X −→ X,
X̂ −→ X̂ ⊗ X ⊗ X̂ −→ X̂.
We now define the internal hom to be Hom(X, Y ) := X̂ ⊗ Y for all X, Y ∈
Obj (C). One can verify, upon making the identification Hom(X, Y ) = Hom(X, Y ⊗
I) that this coincide with definition 1.17. The dual is a functor C → C given by
∼
ˆ = Hom(−, I). It exists if and only if Hom(X, −) exists and Hom(X, I) ⊗ Y −→
(−)
Hom(X, Y ). Deligne’s definition of a neutral Tannakian category is the same
as definition 1.23, namely, an abelian rigid tensor category with a fiber functor
ω : C −→ Vectk , the functor being exact, faithful, k-linear and preserving the
tensor structure.
The main theorem, in any case, is a stronger formulation of theorem 1.24,
variously attributed to Deligne, Grothendieck and Saavedra-Rivano:
Theorem 1.26. Let T be a neutral Tannakian category over a field k. Then
Aut⊗ (ω) is an affine group scheme over k and we have the equivalence of categories


T ' Repk Aut⊗ (ω) ,
where Repk (−) is the category of k-linear representations. Furthermore, if T '
Repk (G) for some affine group scheme G, then there exists an exact, faithful,
k-linear tensor functor ω such that
∼

G −→ Aut⊗ (ω).
The functor ω is representable, following the remark 1.18. Ultimately, the
rigidity features guarantee the group structure. In fact, the definition of ω in terms
of “functor-of-points” suggests we look at ω with Set as the target category; this
provides an interpretation of the action of the group Aut⊗ (ω) as a fundamental
group, a theme we take up next.
1.2.4. Fundamental groups of schemes. Tannakian categories can also be
used as a language to understand a beautiful theory developed by Grothendieck,
Artin and others, of the relationship between fundamental groups of étale coverings
of a scheme and Galois groups. The canonical reference for this material is SGA
I [30].
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Definition 1.27 (Étale covering of a scheme). Let Y be a scheme over k. An
étale covering Y → X is an affine morphism given by A → B with X = SpecA
and Y = SpecB, A and B algebras, and such that
(1) B is flat over A,
(2) DerA B = 0 and
(3) B is finite over A.
Example 1.28. Let X be a smooth variety over C. Saying that Y → X is an
étale covering over X is the same as YC → XC is a covering in the usual sense.
Example 1.29. Let X = Speck. Then we have the equivalence of sets (in fact
of categories!):
{connected étale coverings of X} ' {finite seperable field extensions of k}.
For a given and fixed scheme X, étale coverings form a category with morphisms Y → Y 0 and such that the following diagram
Y −−−−→ Y 0




y
y
X
X
commutes for étale coverings Y → X and Y 0 → X. Denote this category as
ÉtCovX . Given a geometric point x̄ ∈ X, define a functor
ω : ÉtCovX

−→ Set,

π

(Y → X)

7→

π −1 (x̄).

Remark 1.30. In case of the universal covering X̃ → X has the property that
Hom(X̃, X) = ω(Y ) does not exist but
ω(Y ) = lim Hom(Xi , Y ),
←−
i

This motivates our next definition.
Definition 1.31 (Fundamental group).
π1 (X, x̄) := lim AutX (Xi ).
←−
i

\
Example 1.32. Let X be a complex variety. Then π1 (X) = π1 (X
C , xC ).
More interestingly,
Example 1.33. Let X = Speck. Then π1 (X) = Gal(k̄/k) =: Gk .
In fact, we have, following definition 1.31:
Theorem 1.34 (Grothendieck). The category of finite étale schemes over k is
equivalent to the category of finite sets with continuous Gk -action.
In fact, in a Tannakian category with the fiber functor ω, the theorem 1.34
can be understood as saying that the fundamental group acts as automorphisms
of ω. To see this, view the category of flat vector bundles over a scheme X as
being equivalent to the category of representations of π1 (X, x). Furthermore, the

12
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category is recovered by studying the category of representations of π1 (X, x) using
theorem 1.26.
I remark that theorem 1.34 is a special case of the general Grothendieck-Galois
correspondence which states that the category of finite étale k-schemes is equivalent
to the category of finite sets with continuous Gk -action.
1.2.5. The function-sheaf correspondence. The function-sheaf correspondence is a profound application of constructibility to obtain all “interesting” functions on a space over an arbitrary base ring in terms of certain sheaves on it. As
such, it also connects with the Geometric Langlands program. In this subsection I
scratch the surface, closely following the notes of Sug Woo Shin [55].
Fix a prime l and let K be a finite extension of Ql . Denote by OK the ring of
integers of K. Let X be a connected scheme over k with char k 6= l. Let Xet be
an étale site of X. Call the étale sheaf G locally constant is f |U is locally constant
for an étale covering U of X. The sheaf G is said to be constructible is X is
constructible (i.e. can be written as disjoint union of locally closed subschemes of
X) and G is such that it defines a locally constant sheaf, finite on each strata of
X.
Definition 1.35 (locally constant l-adic sheaf). An l-adic sheaf on Xet is
a projective system (Fn )n∈N of constructible sheaves Fn such that Fn+1 → Fn
induces an isomorphism Fn+1 ⊗ (Z/ln ) ' Fn . An l-adic sheaf is locally constant if
each Fn is so.
One defines a category of K-sheaves as a category whose objects are constructible OK -sheaves (= constructible sheaves of OK -modules) and with
HomK−sheaves (F ⊗ K, G ⊗ K) := HomOK −sheaves (F, G) ⊗OK K.
By taking a limit over l of the categories of K-sheaves, we obtain the category of
Ql -sheaves. Locally constant Ql -sheaves are limits of locally constant OK -sheaves.
Definition 1.36 (l-adic local system). A locally constant Ql -sheaf is called
an l-adic local system.
Let x ∈ X be a geometric point. Let E be an l-adic local system on X. The
stalk of E is defined as the direct limit of stalks of K-sheaves. These are, in turn,
defined in the following way: for F a OK -sheaf on X, the stalk at x is lim(Fn )x
←−
n
where (Fn )x are the usual stalks on the étale site. Denote the stalk of E at x as
Ex . We say that the local system E has rank r if Ex contains r-copies of Ql .
Theorem 1.37. Let x ∈ X be a geometric point of a finite connected scheme
X. The functor F → Fx makes the category of l-adic local systems on X equivalent
to the category of continuous representations of π1 (X, x) on finite dimensional Ql
vector spaces.
Compare this with theorem 1.34: in both cases, action of the automorphisms of
the fiber functor are interpreted in terms of “nice” (= étale!) geometric categories.
We end this discussion by noting a special case of the function-sheaf correspondence: let H be a (connected, seperated) commutative group scheme of finite
type over Fpn with p 6= l and let E be an l-adic local system on H. Let m∗ denote the pull-back of the multiplication map m : H ×Fpn H → H. We call E an
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l-adic character sheaf if m∗ (E) ' p∗1 (E) ⊗ p∗2 (E). Here p1 and p2 are the projection
morphisms H ×Fq H → H.
Theorem 1.38 (Function-sheaf correspondence). We have a natural bijection
of sets
HomAbGp (H(Fq ), Ql ) ↔ {l-adic character sheaves on H}.
Remark 1.39. A basic fact: any commutative group scheme over a field k is
always an extension of an abelian variety by an affine group k-scheme (= a commutative k-Hopf algebra.) Therefore, we loose nothing by following the notation
and thinking of H as an abelian variety. For example, the reader may think of H
as the Picard group of a curve, to fix ideas.
The proof of theorem 1.38 uses the functoriality of the action of the absolute
Frobenius4 on the stalks of l-adic local system E (cf. [55] for a nice sketch of the
proof.)
∼
A speculation: Upon a fixed identification Ql → C, one way to think of theorem
1.38 is5: all character maps φ of a given commutative Hopf algebra H arise as
appropriate l-adic character sheaves on H. It remains a very interesting project to
actually implement this philosophy when H is the Connes-Kreimer Hopf algebra
of Feynman graphs6 ([15] [16]) and φ a Feynman rule that assigns a generally
divergent projective integral to a given Feynman graph and understanding its
relationship with the Arapura motivic sheaves and renormalization as outlined in
Marcolli’s paper [41].
1.3. Weil cohomology
This section presents the notion of a Weil cohomology, a set of functorial properties any good cohomology theory of smooth projective varieties should satisfy.
The section very closely follows the first parts of Kleiman’s article in [36].
1.3.1. Main definition. Let k (resp. K) be fields of arbitrary characteristic
(resp. zero characteristic.) Let SmProjk be the category of smooth projective
schemes over k with smooth scheme maps as morphisms. Let GrVect be the category of Z-graded anticommutative K-algebras with K-algebra maps that preserve
gradings as morphisms.
L
Suppose V ∈ Obj (GrVect). Therefore V := i∈Z Vi . Set V0 = K. A Weil
cohomology is a contravariant functor
H ∗ : SmProjk −→ GrVect
with H ∗ (X) =

L

n∈Z H

i (X)

that satisfies the following properties:

4Let X be a (connected) scheme over F n . By the “absolute Frobenius” we mean an F n p
p
morphism which is the identity on X as a topological space and is the map x 7→ xp on the
structure sheaf OX .
5There are several subtleties involving base change and defining the absolute Frobenius, so
the reader should take this statement with a grain of salt.
6In the Connes-Kreimer theory, the coproduct of H gives a recursive formula for the factorization of loops in the prounipotent complex Lie group G(C) := Hom(H, C). The Birkhoff
factorization of φ as algebra homomorphisms, needed for the counterterms, satisfy the RotaBaxter identity.
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1.3.1.1. Finiteness. Each H i (X) has finite dimension and H i (X) = 0 unless
0 ≤ i ≤ 2dimX.
1.3.1.2. Poincaré duality. There are two equivalent versions. The first version
goes as follows: Let r := dimX. For each such X, there is an isomorphism
∼

H 2r (X) −→ K
and a nondegenerate pairing
∼

H i (X) × H 2r−i (X) −→ K.
The second version of the Poincaré duality goes as follows:
\
i (X) ' H 2r−i (X),
H
\
i (X) = Hom(H i (X), K).
where H
1.3.1.3. Künneth formula. Let X ×k Y be the fiber product of two objects X
and Y of SmProjk . Consider the following diagram of projections
π

X ×k Y −−−X−→ X


πY y
Y
The projections induce the isomorphism
H ∗ (X) ⊗K H ∗ (Y ) ' H ∗ (X ⊗ Y ).
NB: since we are working over fields, the usual “Tor” term is absent.
1.3.1.4. Cycle maps. Let C i (X) denote the free abelian group generated by
closed irreducible subschemes of X of codimension i. In a Weil cohomology, there
should be a group homomorphism
i
γX
: C i (X) −→ H 2i (X)

satisfying the following properties:
(1) [Functoriality] There are two functorial conditions on cycle maps. The
first (“pull back”) goes as follows: Let r := dimX. Let f : X → Y be
a morphism of SmProjk . Let C i (X) and C i (Y ) denote the group of
cycles of codimension i on X and Y respectively. The following diagram
commutes:
f∗
C i (Y ) −−−−→ C i (X)



γ i
γYi y
yX
f∗

H 2i (Y ) −−−−→ H 2i (X)
(The top map is a pull-back on cycles.)
The second functorial condition (“push forward”) goes as follows: Let
s := dimY . Now consider the pull back map defined above: if
f∗

H 2i (Y ) −→ H 2i (X),
then by Poincaré duality, we obtain the push-forward map
f∗

H 2r−2i (X) −→ H 2s−2i (Y )
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such that the following diagram commutes:
f∗

C r−i (X) −−−−→ C s−i (X)


 s−i
r−i 
γX
y
yγY
f∗

H 2r−2i (X) −−−−→ H 2s−2i (Y )
(The map on the top denotes push-forward on cycles.)
i+j
i (Z) ⊗ γ j (W ). We see, by ap(2) [Multiplicativity] The map γX×
= γX
K Y
kY
plying the definition of the cycle map and the Künneth formula that
Z ×k W ∈ C i+j (X ×k Y )

i+j
γX×

Y

k
−→

∼

−→

H 2(i+j) (X ×k Y )
M
H 2(i+j)−l H 2(i+j)−l (X) ⊗K H l (Y )
i

so the multiplicativity axiom makes sense.
(3) [Calibration] Let P be a point. Then the cycle map γP : C 0 → H 0 (P ) is
the same as the inclusion of Z in K.
1.3.1.5. Lefschetz theorems. There are two versions of the Lefschetz theorems,
one “weak” and the other “strong”. Let h : W → X be the inclusion of a smooth
hyperplane section W of some smooth projective scheme X of dimension r.
(1) [Weak Lefschetz] The induced map h∗ : H i (X) → H i (W ) is an isomorphism for i ≤ r − 2 and an injection for i = r − 1.
(2) [Hard Lefschetz] Define the Lefschetz operator
L : H i (X) → H i+2 (X)
1
Lx 7→ x · γX
(W ).

Then for i ≤ r, Lr−i : H i (X) −→ H 2r−i (X) is an isomorphism.
In summary: a Weil cohomology theory over k is a contravariant functor from the
category SmProjk to the category GrVect with a nondegenerate pairing satisfying a Poincaré duality, with a Künneth formula, with cycle maps that are functorial with respect to pull-backs and push-forwards and satisfying the Lefschetz
theorems.
1.3.2. Some properties of cycle maps. There are two important properties of cycle maps in the context of pure motives.
1.3.2.1. Intersection pairing and cup products. Let Z and W be two properly
intersecting cycles in X and let Z ∩ W denote the intersection pairing. Let ∆ :
X → X × X be the diagonal map. Then γX (Z ∩ W ) = γX×X ◦ ∆∗ (Z × W ) where
∆∗ denotes the pull-back of Z × W . We knew from the functoriality of cycle maps
that this equals ∆∗ ◦ γX×X (Z × W ) = ∆∗ (γX (Z) ⊗ γX (W )) by the multiplicativity
of the cycle maps. So we get
∆∗ (γX (Z) ⊗ γX (W )) = γX (Z) · γX (W )
by applying pull-back again.
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1.3.2.2. Correspondences as operators. Let r := dimX. Observe from the definitions that
H i (X × Y ) = H i (X) ⊗ H i (Y )
\
= H 2r−i
(X) ⊗ H i (Y )
= Hom(H 2r−i (X), K) ⊗ H i (Y )
= Hom(H 2r−i (X), H i (Y )).
Therefore, we can view each element of H i (X × Y ) as an operator from H 2r−i (X)
to H i (Y ). Such operators are called correspondences for the obvious reasons of
section 1.4.
1.3.3. The Standard Conjectures. The original formulation is in Grothendieck’s
Tata lecture [31]. I follow Murre’s lecture [47].
Rescalling the indices in the hard Lefschetz theorem, the isomorphism can
be equivalently written as Lr−i : H r−j (X) → H r+j for r = dimX. Using the
map L we can define a unique linear operator Λ which makes the following: For
0 ≤ j ≤ r − 2 the diagram
Lj

H r−j (X) −−−−→ H r+j (X)




Λy
yL
Lj+2

H r−j−2 (X) −−−−→ H r+j+2 (X)
commutes, and for 2 ≤ j ≤ r
Lj−2

H r−j+2 (X) −−−−→ H r+j−2 (X)
x
x


L
Λ
Lj

H r−j (X) −−−−→ H r+j+2 (X)
the diagram commutes. We have
Conjecture 1.40 (B(X)). The operator Λ is algebraic. That is
∗
Λ(Z) = γX×X
(Z) for all Z ∈ CHi (X × X) ⊗ Q.

By the hard Lefschetz theorem, we have the isomorphisms Lr−i : H i (X) →
Let

H 2r−i (X).

P i (X) := ker{Lr−i−1 : H i (X) → H 2r−i+2 (X)}
be the set of primitive elements of H i (X). Let x, y ∈ C i (X) ∩ P 2i (X) for i ≤ r/2.
Conjecture 1.41 (Hdg(X)). Consider the pairing
(x, y) 7→ (−1)i hLr−2i (x), yi
where h−, −i denotes the cup product. This pairing is positive definite.
It is known that conjecture 1.41 is true for étale cohomology in characteristic
zero. (The fact that étale cohomology is a Weil cohomology and that, in particular,
the hard and weak Lefschetz theorems hold, requires some work to show.)
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Conjectures 1.40 and 1.41 taken together imply the Weil conjectures, among
other things. One cares about the standard conjectures because they capture
something intrinsic about the cycles independent of the Weil cohomology that the
cycle map maps to. For example, we have the following, due to Grothendieck:
Theorem 1.42. Assume conjectures 1.40 and 1.41. Then the Betti numbers
dimH i (X) is independent on the choice of X.
1.4. Classical motives
As noted in the introduction, one of the central goal of theory of motives is
linearization of the category of algebraic varieties (or schemes) over an arbitrary
base field (or ring). In fact, what we are after is obtaining something stronger than
additivity (which is the “coarsest” form of linearization)– we want an abelianization of the category of algebraic varieties! One way to abelianize the category of
varieties is to replace morphisms in this category by correspondences.
1.4.1. Correspondences of curves. By a curve, we mean a nonsingular
variety of dimension 1. Let us start with the case of correspondences of curves
over the complex numbers (classical theory due to Castelnuovo and Severi).
Definition 1.43 (section 2.5 of [29]). Let C and C 0 be two curves. A correspondence of degree d between C and C 0 is a holomorphic map
T : C → C 0 , p 7→ T (p)
where T (p) a divisor of degree d on C. Furthermore, the curve of correspondence
between C and C 0 is given by the curve
D = {(p, q)|q ∈ T (p)} ⊂ C × C 0 .
Let D ⊂ C × C 0 be a curve. Then the correspondence associated to D is defined
by
T (p) = πp∗ (D) ∈ Div(C 0 )
where πp∗ : C 0 → C × C 0 is given by q 7→ (p, q).
Remark 1.44. The “converse” part of definition (1.43) states that we should
view correspondences as formal linear combinations of all 0-dimensional subvarieties on C 0 .
1.4.2. Equivalence relations on algebraic cycles. All through we will
work with smooth projective varieties over a field k. We denote the category of
such objects as SmProjk . Furthermore, most of the time, we’d restrict ourselves
to such varieties that are also irreducible. Much of the material in this section
(and the next) is from the excellent reviews by Murre [47] and Scholl [54]. Recall
Definition 1.45. An algebraic cycle Z on X of codimension i is a formal
linear combination of closed irreducible subvarieties Zα of codimension i; thus,
X
nα Zα , nα ∈ Z.
Z=
α
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Algebraic cycles (or cycles, for short) of a given codimension i in a given smooth
projective X form an abelian group with repect to formal sums. Denote such a
group as Z i (X). As it stands, Z i (X) is very “big”, so we want to obtain a smaller
group by taking a quotient of Z i (X) by equivalence relations on cycles.
There are several equivalence relations that one can impose on cycles, but we’d
restrict ourselves to the following.
(1) (Rational equivalence) Let Z be a cycle of a fixed codimension i on X
irreducible of dimension d. We say Z is rationally equivalent to zero and
write Z ∼rat 0 if there exists (Yα , fα ) with Yα irreducible
P of codimension
i − 1 and fα a rational function on Yα such that
α vYα (fα )Yα = Z.
(Here v denotes the valuation of the rational function.)
(2) (Homological equivalence) Once again, let Z be a cycle of codimension i.
∗ (X, Q) be the Betti cohomology of X. Then there exists a map (in
Let HB
fact a group homomorphism!) Z 7→ [Z] where [Z] is a cohomology class in
2i (X, Q). We say that Z is homologically equivalent to zero and write
HB
Z ∼hom 0 if the image of Z under this map vanishes. Furthermore, cycle
maps are general gadgets that associate i-cycles to 2i-cohomology classes
in any good cohomology theory (not just Betti) and statisfying certain
functorialilty conditions, a notion formalized by Weil cohomology, see
1.3.1. Homological equivalence is a notion that is to hold true in any
(and perhaps more strongly in all ) of these good cohomology theories.
(3) (Numerical equivalence) Let Z as in above. We say Z is numerically
equivalent to zero and write Z ∼num 0 if the intersection number #(Z ∩
Z 0 ) = 0 for all Z 0 cycles of the same codimension as Z. (To spell things
out a bit more: the definition says that #(Zα ∩ Zβ0 ) = 0 for all α, β and
P
P
where Z = α nα Zα and Z 0 = β nβ Zβ0 .)
It can seen that the relations given above are indeed equivalence relations. From
now on, we would write ∼ to mean any of three relations above unless we fix the
equivalence relation, in which case we would specify it as such.
Definition 1.46. Fix a smooth projective variety X. The group
i
i
C∼
(X) := Z i (X)/Z∼
(X)
i (X) denotes the subgroup of cycles identified under the equivalence relawhere Z∼
i (X). When
tion ∼. When X is irreducible and of dimension d, C∼ (X) := ⊕di=0 C∼
i (X) is called the Chow group and is denoted as CH i (X). Notation:
∼=∼hom , C∼
we write C∼ (X)Q to mean C∼ (X) ⊗ Q.

Remark 1.47. Notice that (1) is just a generalization of the notion of divisors
on curves and that of linear equivalence. The relation (3) is trickier because the
intersection pairing Z ∩ Z 0 may not be always defined. In this case, one resorts to
various moving lemmas. Perhaps the most problematic is the equivalence relation
(2) since the definition is based on a choice of a cohomology theory; however
assuming one of the implications of the Standard conjectures along with Jannsen’s
result help solving this problem (see theorem 1.55.)
An important observation is
i
i
i
i
C∼
(X) ⊆ C∼
(X) ⊆ C∼
(X) ⊂ C∼
(X)
rat
num
hom
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going from the finest to the coarsest equivalence relations on cycles. An extremely
important conjecture in the theory of classical motives is
Conjecture 1.48 (Fundamental Conjecture D(X)).
i
i
C∼
(X) = C∼
(X).
num
hom

The conjecture 1.48 follows from the Standard Conjectures of Grothendieck
B(X) (conjecture 1.40) and Hdg(X) (conjecture 1.41).
1.4.3. Pure motives. Just like in the case of curves (see definition (1.43),
we view correspondences on a smooth projective variety as formal linear combinations of closed irreducible subvarieties, i.e, as elements in group of correspondences
C∼ (X × Y )Q =: Corr∼ (X, Y ).
Let f ∈ Corr∼ (X, Y ) and g ∈ Corr∼ (Y, Z). The composition of correspondences is given by
g • f = prXZ ((f × Z) · (X × g)).
A emphprojector p ∈ Corr0∼ (X, X) is an idempotent p • p = p.
Definition 1.49 (the category of effective pure motives). Fix an equivalence
relation on cycles ∼. The category of effective pure motives over a field k is denoted
as Mot+
∼ (k) has
• Objects: (X, p) where X ∈ Obj (SmProjk ) and p a projector.
• Morphisms: Let M = (X, p) and N = (Y, q). Then HomMot+
(M, N ) :=
∼ (k)
0
q • Corr∼ (X, Y ) • p.
Elements of HomMot+
(M, N ) are simply the composition of correspondences
∼ (k)
X → X → Y → Y . By modifying the definition 1.49 to allow for Tate twists, we
get the category of virtual pure motives over k.
Definition 1.50 (the category of virtual pure motives). The category of virtual pure motives over a field k is denoted as Mot∼ (k) has
• Objects: (X, p, m) where X and p as above and m = dimX.
• Morphisms: Let M = (X, p, m) and N = (Y, q, n) (and n = dimY ). Then
HomMot∼ (k) (M, N ) := q • Corrn−m
(X, Y ) • p.
∼
Some trivial and distinguished pure motives: 0 := (Speck, id, 0), the motive
of a point, L := (Speck, id, −1) the Lefschetz motive and T := (Speck, id, −1) the
Tate motive.
1.4.4. The motives functor. Recall that if ψ : Y → X is a scheme morphism, then the graph of ψ, Γψ := (ψ×idY )◦∆Y where idY and ∆Y are respectively
the identity and diagonal maps on Y . That is, the graph is simply the composition
of maps in the sequence
∆

ψ×id

Y
Y −→
Y × Y −→Y X × Y.

The transpose Γtψ is obtained by exchanging the factors of X × Y .
Definition 1.51. The functor
m∼ : SmProjop
k → Mot∼ (k)
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is defined in the following way: m∼ (X) := (X, ∆X , 0) and m∼ (ψ) = Γtψ : m∼ (Y ) →
m∼ (X) and where Γtφ is the transpose of the graph of ψ : X → Y a morphism of
smooth projective schemes.
Let e ∈ X be a point. Take π0 = e × X and π2d = X × e where d := dimX
and X is irreducible. Write m0∼ (X) := (X, π0 , 0) and m2d
∼ (X) := (X, π2d , 0). We
can show that
m2d
∼ (X) ' (Speck, id, −d)
and use this to show the fundamental fact
L ' m2∼ (P1 , P1 × e, 0)
where P1 is the projective line over k and e a point in P1 .
The category of (virtual) pure motives Mot∼ (k) has the following properties.
• Mot∼ (k) is an additive category. That is, HomMot∼ (k) (M, N ) are abelian
groups and ⊕ exists: M ⊕ N := (X q Y, p q q, m) for dimX = dimY = m.
• Mot∼ (k) is a pseudoabelian category; it is additive with a well-defined
image of p.
• There is a tensor structure on Mot∼ (k):
M ⊗ N := (X × Y, p × q, m + n).
• There is a multiplicative structure on Mot∼ (k):
m∼ (∆)

mX : m∼ (X) ⊗ m∼ (X) ' m∼ (X × X) −→ m∼ (X).
Let k be a field and k be its algebraic closure. Fix an equivalence relation ∼ on
the cycles of X. Let M be a virtual pure motives of a smooth projective variety
X, i.e, M = m∼ (X).
Definition 1.52 (Realization of a pure motive). Define the realization of a
motive M as the functor
real

Mot∼ (k) −→ GrVectm∼ (X) 7→ H ∗ (Xk , Q)
for a Weil cohomology functor H ∗ (−, Q). We say that a motive can be realized if
there exists at least one Weil cohomology for which the functor real is exact and
faithful for all adequate relations ∼.
The reader may set H ∗ (Xk , Q) as algebraic de Rham cohomology as to fix
ideas.
Grothendieck’s original conception of motives was such that the following diagram of functors commute for all adequate equivalence relations ∼ and all Weil
cohomologies H ∗ (X, Q):
Mot∼ (k)
x

m∼ (−)

Mot∼ (k)

real(−)
y
H ∗ (−,Q)

SmProjop
k −−−−−→ GrVect
There are three categories of motives of particular interest to us: the category
of Grothendieck motives when the equivalence relation is homological equivalence
Mothom (k), the category of Chow motives when the equivalence relation is homological equivalence Motrat (k) and the category of numerical motives when the
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equivalence relation is numerical equivalence Motnum (k) . We have the following
“fundamental theorem of pure motives”:
Theorem 1.53. Mothom (k) can be realized for all Weil cohomologies and is
neutral Tannakian with the fiber functor real.
This is the reason why number theorists often use the term “motive of X” when
they mean “the l-adic cohomology of X with Ql -coffecients and a continuous Gk
action on it”. (The action of Gk is through the motivic Galois group of X, cf.
section 1.4.5.)
Recall the yoga of Tannakian formalism of section 1.2. Deligne defines the
dimension of an object in a rigid tensor category C in the following way:
Definition 1.54 (dimension). Let I be the unit object in C. Let M ∈ Obj (C)
be an arbitrary object. Let f ∈ EndM and trace of f on M is defined by the
composition of maps
δ c
t
ev
c −→
I −→ M
⊗ M −→ M ⊗ M
I

c ⊗ M .) The dimension
and denote as trfM . (The map t exchanges the factors in M
of M is dimM := tr1M .
A result of Deligne show that dimension is always positive: C rigid tensor
⇐⇒ for all M ∈ Obj (C), dimM ∈ N.
Furthermore for Mothom (k), Deligne shows that this definition of dimension
coincides (through the Weil conjectures) with our usual notion of cohomological
dimension:
dimM = dimH ∗ (X, Q) := ⊕i dimH i (X, Q)
where H i (X, Q) is a realization of the motive M . The Standard Conjectures imply
that dimM is independent of the choice of the Weil cohomology.
Theorem 1.55 (Jannsen). The category Motnum (k) is semisimple and abelian.
1.4.5. Motivic Galois groups. The Tannakian formalism along with theorem 1.53 gives
∼

real(−)

∗
Repk (Aut⊗ HB
(−, Q)) −→ Mothom (k) −→ GrVect
⊗

Gmot

∗ (−, Q)
HB

where Gmot := Aut
is the motivic Galois group. It acts on the image of
the realization functor and is a proalgebraic group. (It is proreductive assuming
Jannsen’s theorem 1.55 and the Conjecture D(X) 1.48.)
If Mot∼ (k) is generated by m∼ (SpecE) where E is a finite extension of k then
Gmot = Gk . If Mot∼ (k) is generated by the Lefschetz motive L, then Gmot = Gm .
1.5. Mixed motives
Pure motives are motives of smooth projective varieties. In most physical applications of the theory of motives, most notably in the case of the motives of
hypersurfaces associated to Feynman graphs in perturbative quantum field theory,
working with smooth projective varieties is too restrictive. In fact, one knows
that the projective hypersurfaces obtained from the parametric form of Feynman
integrals are typically singular, and this already leaves the world of pure motives.
Moreover, since the parametric Feynman integral (see the appendix) is computed
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over a domain of integration with boundary, what is involved from the motivic
point of view is really a relative cohomology of the hypersurface complement, relative to a normal crossings divisor that contains the boundary of the domain of
integration. This is a second reason why it is mixed motives and not pure motives that are involved, since these are the natural environment where long exact
cohomology sequences and relative cohomologies live. Unfortunately, from the
mathematical point of view, the theory of mixed motives is far more complicated
than that of pure motives. At present, one only has a triangulated category of
mixed motives, with various equivalent constructions due to Voevodsky, Levine,
and Hanamura. Only in very special cases, such as mixed Tate motives over a
number field, it is possible to construct and abelian category. While we are not
going to give any details on the construction of the triangulated category of mixed
motives, we recall the relevant cohomological properties and some properties of
their analytic counterpart, mixed Hodge structures. We also recall some preliminary notions about triangulated categories to aid the reader in her further study.
1.5.1. Derived and triangulated categories. 7 This material is taken
from Dimca [22]. Let Ab be an abelian category. Let C(Ab) be the category
of complexes in Ab. (The reader unfamiliar with homological algebra should
immediately set Ab to be the category of R-modules ModR .) C(Ab) contains
three important full subcategories C • (Ab):
(1) C + (Ab) of complexes bounded on the left:
· · · −→ 0 −→ · · · −→ A−1 −→ A0 −→ · · ·
(2) C − (Ab) of complexes bounded on the right:
· · · −→ A0 −→ A1 −→ · · · −→ 0 −→ · · ·
(3) C b (Ab) the full subcategory of complexes bounded both on the right and
the left.
•
Let X , Y • be two complexes in C • (Ab). Call the morphism u : X • → Y • a
quasi-isomorphism if at the level of cohomology H k (u) : H k (X • ) → H k (Y • ) is an
isomorphism for all k.
Define a shift automorphism on complexes T : C • → C • as
(X[n])r := X n+r ,
dsT (X • ) := −ds+1
X•
for the complex
dm−1

dm

dm+1

A• : · · · −→ Am−1 −→ Am −→ Am+1 −→ · · ·
Let u : X • → Y • be a morphism of complexes in C • (Ab). The mapping cone of
the morphism u is the complex in C • (Ab) given by
Cu• = Y • ⊕ (X • [1]).
7Because of the rather dry and technical nature of the precise definitions, I have tried to give

a more general idea about triangulated and derived categories; the following are a collection of
concepts as opposed to a list of formal definitions and properties.
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This gives rise to the standard triangle for a morphism u
u

q

p

Tu : X • −→ Y • −→ Cu• −→ X • [1],
where q (resp. p) is the inclusion (resp. projection) morphisms. The standard
triangle gives rise to long exact sequences in cohomology.
An important construction is that of a homotopic category8. This is an additive
category K • (Ab) with
• Obj (K • (Ab)) = Obj (C • (Ab)),
• HomK • (Ab) (X • , Y • ) = Hom(X • , Y • )/ ∼ where ∼ is homotopy equivalence: u ∼ v =⇒ H k (u) = H k (v).
A family of triangles in K • (Ab) is distinguished if they are isomorphic to a standard triangle for some morphism u.
In a homotopic category K • (Ab), distinguished triangles satisfy a list of four
properties referred to as TR1–TR4 in the literature. We will not repeat them
here (see, for example, proposition 1.2.4 of [22]). It suffices to say that TR1–TR4
guarantees nice functorial properties of distinguished triangles, compatible with
homotopy.
A triangulated category is an additive category A with a shift self-equivalence
T , with X[1] = T X and with a collection of distinguished triangles T that satisfy
TR1–TR4 in the original definition due to Verdier. A derived category D• (Ab)
of an abelian category Ab is a triangulated category obtained from K • (Ab) by
localization with respect to the multiplicative system of quasi-isomorphisms in
K • (Ab).
1.5.2. Bloch–Ogus cohomology. The material for this section is taken from
the seminal paper of Bloch–Ogus [10]. Bloch-Ogus cohomology is the mixed motives counterpart of Weil cohomology in the pure motives case, and as such, is a
universal cohomology theory for schemes of a much general type.
Let Schk be the category of schemes of finite type over the field k. By Schk ∗
I mean the category with
• Objects: Y ,→ X closed immersions in X ∈ Obj (Schk ) and
• Morphisms: HomSchk ∗ ((Y ,→ X), (Y 0 ,→ X 0 )) being the following commutative cartesian squares:
⊂

Y −−−−→


fY y

X

f
yX

⊂

Y 0 −−−−→ X 0
Definition 1.56 (cohomology with supports). A twisted cohomology theory
with supports is a sequence of contravariant functors
H i : Schk ∗ −→ AbGp
M
(Y ,→ X) 7→
HYi (X, n),
i

satisfying the following:
8The reader is invited to compare this with the definition of a Grothendieck group in 1.2.
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(1) For Z ⊆ Y ⊆ X, there is a long exact sequence
· · · −→ HZi (X, n) −→ HYi (X, n) −→ HYi \Z (X \ Z, n) −→ HZi+1 (X, n) −→ · · · .
(2) Let
f : (Y ,→ X) −→ (Y 0 ,→ X 0 ),
g : (Z ,→ X) −→ (Z 0 ,→ X 0 )
and k : (Y \ Z ,→ X \ Z) → (Y 0 \ Z 0 ,→ X 0 \ Z 0 ) be the induced arrow.
Let h : (Z ,→ X) → (Z 0 ,→ X 0 ). Then the following diagram commutes:
−−−−→ HZi (X, n) −−−−→ HYi (X, n) −−−−→
x
x


H ∗ (h)
H ∗ (f )

HYi \Z (X \ Z, n)
x

H ∗ (k)

−−−−→ HZi+1 (X, n) −−−−→
x

H ∗ (g)

0
−−−−→ HZi 0 (X 0 , n) −−−−→ HYi 0 (X 0 , n) −−−−→ HYi 0 \Z 0 (X 0 \ Z 0 , n) −−−−→ HZi+1
−−−→
0 (X , n) −

(3) [Excision] Let (Z ,→ X) ∈ Obj (Schk ∗ ) and (U ,→ X) be open in X
containing Z. Then
∼

HZi (X, n) −→ HZi (U, n).
Dually we have
Definition 1.57. [Homology with supports] A twisted homology with supports
is a sequence of covariant functors
H∗ : Schk∗ −→ AbGp
where the category Schk∗ has objects of Schk and the morphisms are proper
morphisms of Schk satisfying:
(1) H∗ is a presheaf in étale topology. If α : X 0 → X is an étale morphism
there exists morphismsα∗ : Hi (X, n) → Hi (X 0 , n).
(2) Let α : Y 0 → Y and β : X 0 → X be étale. Let f : X → Y and g : X 0 → Y 0
be proper and consider the following cartesian square:
β

X 0 −−−−→


gy

X

f
y

α

Y 0 −−−−→ X 0
Then the following square commutes:
β∗

Hi (X 0 , n) ←−−−− Hi (X, n)



H (f,n)
Hi (g,n)y
y i
α∗

Hi (Y 0 , n) ←−−−− Hi (Y, n)
(3) Let i : Y ,→ X be a closed immersion and α : X \ Y ,→ X be an open
immersion. Then there exists a long exact sequence
i∗

α∗

· · · −→ Hi (Y, n) −→ Hi (X, n) −→ Hi (X \ Y, n) −→ Hi−1 (Y, n) −→ · · · .
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(4) Let f : X 0 → X be proper and Z = f (Z 0 ) for Z ,→ X. Let α : X 0 \
f −1 (Z) ,→ X 0 \ Z 0 . Then the following square commutes:
−−−−→ Hi (Z 0 , n) −−−−→ Hi (X 0 , n) −−−−→ Hi (X 0 \ Z 0 , n) −−−−→ Hi−1 (Z 0 , n) −−−−→








f∗ y
f∗ y
f∗ y
f∗ α ∗ y
−−−−→ Hi (Z, n) −−−−→ Hi (X, n) −−−−→ Hi (X \ Z, n) −−−−→ Hi−1 (Z, n) −−−−→
Definition 1.58 (Poincaré duality with supports). A Poincaré duality theory
for schemes of finite type with supports is a twisted cohomology theory H ∗ with
(1) For all Y ,→ X ∈ Obj (Schk ∗ ) there is a pairing
Hi (X, n) × HYj (X, n) −→ Hi+j (Y, m + n).
(2) If Y ,→ X ∈ Obj (Schk ∗ ) and (β ,→ α) : (Y 0 ,→ X 0 ) −→ (Y ,→ X) an
étale morphism in Schk ∗ , then for a ∈ HYj (X, n) and z ∈ Hi (X, m),
α∗ (a) ∩ α∗ (Z) = β ∗ (a ∩ z).
(3) [Projection] Let f : (Y1 ,→ X1 ) −→ (Y2 ,→ X2 ) proper. Then for a ∈
HYi 2 (X2 , n) and z ∈ Hi (X1 , m),
H i (fX )(z) ∩ a = Hi (fY )(z ∩ H i (f )(a)).
(4) [Fundamental class] Let X ∈ Obj (Schk ) be irreducible and of dimension
d. There exists a global section ηX of H2d (X, d) such if α : X 0 −→ X is
étale, then α∗ ηX = ηX 0 .
(5) [Poincaré duality] Let X ∈ Obj (Schk ) be smooth and of dimension d.
Let Y ,→ X be a closed immersion. Then
∩η

X
Hi (Y, n)
HY2d−i (X, d − n) −→

is an isomorphism.
The main theorem of [10] is
Theorem 1.59. Given a Poincaré duality theory, an étale morphism fX and
the commutative square
Z 0 −−−−→


fZ y

X0

f
yX

⊂

Z −−−−→ X
the following diagram commutes:
∩η

0

HZi 0 (X 0 , n) −−−X
−→ H2d−i (Z 0 , d − n)
x
x

f ∗
H ∗ (f )
Z
∩η

X
HZi (X, n) −−−−
→ H2d−i (Z, d − n)
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1.5.3. Hodge structures. Let us quickly review the basic definitions of
Hodge theory.
Definition 1.60 (Pure Hodge structure). A pure Hodge structure of weight
m on a finite dimensional vector space V is a decreasing filtration
· · · ⊂ F p+1 VC ⊂ F p VC ⊂ · · ·
with VC := V ⊗R C and satisfying the Hodge decomposition
VC = ⊕p+q=m V p,q ,
where V p,q = F p ∩ F p VC and denotes the conjugate filtration.
Hodge structures form a category Hodge with morphisms of vector spaces
compatible with the filtration F making up the hom set. The category Hodge is
a tensor category with the evident tensor product. Furthermore, by taking formal
differences of Hodge structures [H] − [H 0 ], we obtain the Grothendieck ring of
Hodge structures K(Hodge).
Let A ⊂ R. An A-mixed Hodge structure consists of the following data:
(1) An A-module of finite type VA .
(2) An increasing filtration called the weight filtration
· · · ⊂ Wn ⊂ Wn+1 ⊂ · · ·
of A ⊗ Q-module VA ⊗ Q.
(3) A decreasing filtration called the Hodge filtration
· · · F p+1 VC ⊂ F p VC ⊂ · · ·
where VC ⊗ VA ⊗ C.
(4) A graded weight j factor grW
j (VA ) := (Wj /Wj−1 ) ⊗ C with a pure Hodge
structure induced by the filtration F and F on VC .
Mixed Hodge structures too form a category MHodge with morphisms VA →
VA0 A-module homomorphisms that are compatible with the Hodge and weight
filtration. The following theorem is of great importance:
Theorem 1.61 (Deligne). The category MHodge is abelian with kernels and
cokernels with induced filtration’s.
1.5.4. Mixed Tate motives over a number field. Mixed Tate motives can
be defined as the triangulated subcategory of the triangulated category of mixed
motives generated by the Tate objects Q(n). Over a number field, however, it is
possible to obtain a nicer category in the following way.
Let k be a number field. Let Q(1) be the pure Tate motive. The category of
mixed Tate motives over k, denoted as MTMotk is constructed in the following
way. Consider the simple objects Q(n) and assume that Q(a) and Q(b) are isomorphic for a 6= b and that any simple object of MTMotk is isomorphic to some
Q(·). Also consider the groups
ExtiMTMotk (Q(0), Q(n))
and assume that they vanish for i > 1. An important result of Borel identifies
these extensions:
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Theorem 1.62 (Borel). Ext1MTMotk (Q(0), Q(n)) ' K2n−1 (k)⊗Q where K2n−1 (k)
is the Quillen K-theory of the field k.
Now K2n−1 (k) ⊗ Q = H• (GL(n, k)), the linear group with entries in k, so the
reader may think of the Quillen K-theory in this case in terms of this homological
identification. We have the following fundamental theorem:
Theorem 1.63 (Deligne–Goncharov). The category MTMotk for a number
field k is a Tannakian category with objects Q(n) and the extensions described
above. Furthermore, the Hodge realization functor MTMotk → MHodge is exact
and faithful.
1.6. Motivic measures and zeta functions
The material for this section is based on [21] and [34].
1.6.1. Overview of basics. The generalized Euler characteristic χ associates
to each object in Vark an element in a fixed commutative ring R such that χ(X) =
χ(Y ) for X ' Y and χ(X) = χ(Y ) + χ(X \ Y ) for a closed subvariety Y ⊂ X. The
product in R is given by the fibered product of varieties: χ(X × Y ) = χ(X)χ(Y ).
In fact the Euler characteristic is the canonical example of a generalized Euler
characteristic.
Konstevich’s original motivation behind inventing motivic measures was to
prove the following theorem
Theorem 1.64 (Kontsevich). Let X and Y be two birationally equivalent
Calabi-Yau manifolds. Then X and Y have the same Hodge numbers.
These types of questions are of enormous importance for duality questions in
string theory, namely in mirror symmetry. (There is a beautiful theory around
this called the geometric McKay correspondence which I completely omit from the
discussion.)
An example, following the proof of this theorem of Kontsevich, of a generalized Euler characteristic, comes from Hodge numbers of a complex manifold X.
Recall the definition of mixed Hodge structures. For a Hodge structure V , we can
define the class ofP
V in K(Hodge) in terms of the graded m-factors in the weight
filtration: [V ] := m [grW
m (V )]. Define the Hodge-Deligne polynomial as
X
χh (X) :=
[Hci (X, Q)] ∈ K(Hodge)
i

Hci (X, Q)

where
is the i-th cohomology of X with compact support. If Y ⊂ X is
locally closed, then the Hodge characteristic is compatible with the exact Gysin
sequence:
· · · −→ Hcr (X \ Y, Q) −→ Hcr (X, Q) −→ Hcr (Y, Q) −→ Hcr+1 (X \ Y, Q) −→ · · · .
That is
χh (X) = χh (Y ) + χh (X \ Y ).
Remark 1.65. For X the affine line A1k , Hcr (A1k , Q) = 0 for all r 6= 2 and
Hc2 (A1k , Q) is one-dimensional of Hodge type (1, 1). So χh (A1k ) is invertible. This
is the Lefschetz motive L.
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We have the following two ring homomorphisms
• [Hodge characteristic]
χh : K(Hodge) → Z[u, u−1 , v, v −1 ]
X
H i (X, Q) 7→
dim(H p,q (X, Q))up v q
p+q=i

• [Weight characteristic]
χwt : K(Hodge) → Z[w, w−1 ]
u, v 7→ w.
Here H p,q (X, Q) is the (p, q)-th piece of Hci (X, Q). Evaluating the weight characteristic at 1 gives us the topological Euler characteristic.
1.6.2. Equivariant Grothendieck ring. Denote by µ̂ the projective limit
of the affine scheme of roots of unity µn :
µ̂ := lim µn = lim Speck[x]/(xn − 1)
←−
←−
n

n

Let X be an S-variety. A good µn -action on X is a group action µn × X → X
such that each orbit is contained in an affine subvariety of X. (A good µ̂-action
factors through a good µn -action for some n.)
Definition 1.66 (equivariant Grothendieck ring). The equivariant Grothendieck
ring of varieties K µ̂ (VarX0 ) is a an abelian group generated by [X, µ̂]S for X an
S-variety with good µ̂-action with the relations
(1) [X, µ̂]S = [Y, µ̂]S for X ' Y as S-varieties with good µ̂-action.
(2) [X, µ̂]S = [Y, µ̂]S + [X \ Y, µ̂]S if Y is closed in X and the µ̂-action on Y
induced by µ̂-action on X.
(3) [monodromy] [X × V, µ̂]S = [Ank , µ̂]S where V is the n-dimensional affine
space with a good µ̂-action and Ank is the affine space with a trivial µ̂action.
Definition 1.67 (equivariant Euler characteristic). The equivariant Euler
characteristic is a ring homomorphism
χtop (−, α) : K µ̂ (VarX0 )[L−1 ] −→ Z
X
(−) 7→
(−1)q dimH q (−, C)α
q≥0

where H q (−, C)α ⊂ H ∗ (−, C) on which there is a good µ̂-action through multiplication by α.
1.6.3. Arc spaces. Let k be a field of characteristic zero and let X be a
variety over k. For all natural numbers n, we define the arc space Ln (X) as an
algebraic variety over k whose k-rational points are K[t]/tn+1 -rational points for
some k ⊂ K. We set L(X) = lim Ln (X). Note that L0 (X) = X and L1 (X) = T X,
←−
n
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the (Zariski) tangent space of X. We call the K-rational points of Ln (X) K-arcs
of X or arcs for short. There are the structure morphisms
πn : L(X) → Ln (X),
: Lm (X) → Ln (X).

πnm

The origin of an arc γ is π0 (γ).
A “cleaner” (but equivalent) definition of the space of arcs is the following:
Definition 1.68 (Space of arcs). Let X be a variety over k (which, I remind
the reader is a separated scheme of finite type over k.) Denote by L(X) the
scheme of germs of arcs on X. It is a defined as a scheme over k such that, for
any extension k ⊂ K there is a natural bijection
L(X)(K) ' HomSchk (Speck[[t]], K)
The scheme L(X) := lim Ln (X) in the category of schemes Ln (X) representing
←−
n
the functor
R 7→ HomSchk (SpecR[t]/tn+1 , X)
defined on the category of K-algebras.
Not much is known about the space L(X). An important result is the following:
Proposition 1.69 (Kolchin). Let X be an integral scheme. Then L(X) is
irreducible.
1.6.4. The Nash Problem. Arcs were first introduced by Nash in connection with singularities: let P be a singular point on X and set L{P } (X) := π0−1 (P )
of arcs with origin P . He studied the space N{P } (X) ⊂ L{P } (X) of arcs not contained in the singular locus Sing X. Let me briefly sketch Nash’s beautiful idea,
following Loeser’s Trieste lectures [35].
ρ
Let Y → X be a resolution of singularities of a scheme X. Recall that this
means: Y is smooth, ρ is proper and ρ induces an isomorphism Y \ ρ−1 (Sing X) '
X \ Sing X. We say that the resolution of singularities is divisorial if the locus E
where ρ is not a local isomorphism (called the exceptional set) is a divisor in Y . In
ρ0

such cases, we call the locus an exceptional divisor. Let Y 0 → X be another proper
birational morphism (and assume that X is normal) and let p be the generic point
of E. We say that E appears in ρ0 if ρ0 −1 ◦ ρ is a local isomorphism at p. The
exceptional divisor E is called an essential component of a resolution of X if E
appears in every divisorial resolution of X. Denote the set of essential components
as C{P } (X).
ν

Theorem 1.70 (Nash). The mapping C{P } (X) −→ N{P } (X) is injective.
Basically, what this theorem tells is that every irreducible component of L(X)
through a singularity P corresponds to an exceptional divisor that occurs on every
resolution. The Nash Problem asks
Question 1.71. For what X is the map ν a bijection?
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An explicit nonexample was provided by Ishii-Kollár when X is a 4-dimensional
hypersurface singularity {(x1 , x2 , x3 , x4 , x5 ) ∈ A5k |x31 + x32 + x33 + x34 + x65 = 0} which
has 1 irreducible family of arcs but 2 essential components. (The base k is obviously
not allowed to be of characteristic 2 or 3.)
1.6.5. Motivic zeta functions. Let t be a fixed coordinate on A1k and let
n ≥ 1 be an integer. A morphism f : X → A1k induces a morphism fn : Ln (X) →
Ln (A1k ). Any α ∈ L(A1k ) (resp. α ∈ Ln (A1k )) gives a power series α(t) ∈ K[[t]])
(resp. α(t) ∈ K[[t]]/tn+1 ) by definition. Define a map ordt : L(A1k ) → Z≥0 ∪ {∞}
as ordt (α) := maxte |α(t) {e}.
Definition 1.72. Xn := {φ ∈ Ln (X)|ordt fn (φ) = n}.
The variety Xn is a locally closed subvariety of Ln (X). Let X0 be a variety
obtained by setting f = 0. The variety Xn is an X0 -variety through the structure
maps π0n . Define the morphism
f n : Xn → Gm given by φ 7→ coefficient of tn in fn (φ)
−1

and set Xn,1 := f n (1). The following characterization of Xn allows us to pass on
to étale settings “without reductions at bad primes”.
Proposition 1.73. As Gm × X0 -variety, Xn is a quotient of Xn,1 × Gm by the
µn -action a(φ, b) = (aφ, a−1 b).
Recall the definition of the equivariant Grothendieck ring K µ̂ (VarX0 ) of section
1.6.2.
Definition 1.74 (Denef-Loeser, Looijenga). The motivic zeta function of a
morphism f : X → A1k over K µ̂ (VarX0 )[L−1 ] is defined by the sum
X
Z(T ) =
[Xn+1 , µ̂]X0 L−nd T n
n≥1

where [−, µ̂]X0 is a class in K µ̂ (VarX0 ) and d = dimXn+1 .
Theorem 1.75 (Denef-Loeser). The motivic zeta function Z(T ) in definition
1.74 is a rational function.
1.7. Feynman integrals and periods
1.7.1. Feynman’s trick and Schwinger parameters. We begin by describing a simple generalization of the well known “Feynman trick”,
Z 1
1
1
=
dx,
ab
(xa
+
(1
− x)b)2
0
which will be useful in the following. The results recalled here are well known
in the physics literature (see e.g. [90] §8 and §18), but we give a brief and self
contained treatment here for the reader’s convenience. A similar derivation from
a more algebro-geometric viewpoint can be found in [92].
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Lemma 1.76. Let Σn denote the n-dimensional simplex
n
X
(1.7.1)
Σn = {(t1 , . . . , tn ) ∈ (R∗+ )n |
ti ≤ 1}.
i=1

Let dvΣn = dt1 · · · dtn−1 be the volume form on Σn induced by the standard Euclidean metric in Rn . Then, for given nonzero parameters qi , for i = 1, . . . , n, the
following identity holds:
Z
1
1
= (n − 1)!
(1.7.2)
dvΣn ,
n
q1 . . . qn
Σn−1 (t1 q1 + · · · + tn qn )
P
where tn = 1 − n−1
i=1 ti .
Proof. The following identity holds:
(1.7.3)
Z ∞
Z ∞
1
1
=
···
e−(s1 q1 +···+sn qn ) sk11 −1 · · · sknn −1 ds1 · · · dsn .
Γ(k1 ) · · · Γ(kn ) 0
q1k1 · · · qnkn
0
The si are usually called Schwinger parameters
the physics literature. We then
Pin
n
perform
P a change of variables, by setting S = i=1 si and si = Sti , with ti ∈ [0, 1]
with ni=1 ti = 1. Thus, we rewrite (1.7.3) in the form
(1.7.4)
P
Z 1 k1 −1
Z
t1
· · · tknn −1 δ(1 − ni=1 ti )
1
Γ(k1 + · · · + kn ) 1
=
···
dt1 · · · dtn .
Γ(k1 ) · · · Γ(kn ) 0
(t1 q1 + · · · + tn qn )k1 +···+kn
q1k1 · · · qnkn
0
The result (1.7.2) then follows as a particular case of this more general identity,
with ki = 1 for i = 1, . . . , n and Γ(n) = (n − 1)!.

One can also give an inductive proof of (1.7.2) by Stokes theorem, which avoids
introducing any transcendental functions, but the argument we recalled here is
standard and it suffices for our purposes.
The Feynman trick is then related to the graph polynomial ΨΓ in the following
way (see again [90], §18 and [102]). Suppose given a graph Γ. Let n = #E(Γ) be
the number of edges of Γ and let ` = b1 (Γ) be the number of loops, i.e. the rank
of H 1 (Γ, Z). Suppose chosen a set of generators {l1 , . . . , l` } of H 1 (Γ, Z). We then
define the n × `-matrix ηik as

+1 edge ei ∈ loop lk , same orientation


−1 edge ei ∈ loop lk , reverse orientation
(1.7.5)
ηik =


0 otherwise.
Also let MΓ be the ` × ` real symmetric matrix
n
X
(1.7.6)
(MΓ )kr (t) =
ti ηik ηir ,
i=0

P
for t = (t0 , . . . , tn−1 ) ∈ Σn and tn = 1 − i ti . Let sk , k = 1, . . . , ` be real variables
sk ∈ RD assigned to the chosen basis of the homology H 1 (Γ, Z). Also let pi , for
i = 1, . . . , n be real variables pi ∈ RD associated to the edges of Γ. Let qi (p) denote
the quadratic form
(1.7.7)

qi (p) = p2i − m2i ,
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for fixed parameters mi > 0. These correspond to the Feynman propagators
1
1
(1.7.8)
= 2
qi
pi − m2i
for a scalar field theory, associated by the Feynman rules to the edges of the graph.
One can make a change of variables
pi = ui +

`
X

ηik sk ,

with the constraint

n
X

ti ui ηik = 0.

i=0

k=1

Then we have the following result.
Lemma 1.77. The following identity holds
(1.7.9)
Z
n
X
1
D
D
−D/2
Pn
d
s
·
·
·
d
s
=
C
det(M
(t))
(
ti (u2i − m2i ))−n+D`/2 .
1
Γ
`
`,n
( i=0 ti qi )n
i=0

Proof. After the change of variables, the left hand side reads
Z
dD s1 · · · dD s`
P
Pn
.
( i=0 ti (u2i − m2i ) + kr (MΓ )kr sk sr )n
The integral can then be reduced by a change of variables that diagonalizes the
matrix MΓ to an integral of the form
Z
`
Y
dD x1 · · · dD x`
−D/2
−n+D`/2
P
= C`,n a
λk
,
2
n
(a − k λk xk )
k=1

with
Z
C`,n =

dD x1 · · · dD x`
P
.
(1 − k x2k )n


This is the basis for the well known formula that relates the computation of
Feynman integrals to periods, used in [92]. In fact, we have the following.
Corr In the case of graphs where the number of edges and the number of loops
are related by n = D`/2, the Feynman integral is computed by
Z D
Z
d s1 · · · dD s`
dt0 · · · dtn−1
(1.7.10)
= C`,n
,
D/2
q0 · · · qn
Σn ΨΓ (t0 , . . . , tn )
P
where tn = 1 − n−1
i=0 ti and
(1.7.11)

ΨΓ (t) = det(MΓ (t)).

Proof. Notice that, in the case of graphs with n = D`/2, the integration
(1.7.9) reduces to
Z D
d s1 · · · dD s`
P
= C`,n det(MΓ (t))−D/2 .
(1.7.12)
( ni=0 ti qi )n
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Write t = (t1 , . . . , tn ) and det(MΓ (t)) as ΨΓ (t). Then we have the following
theorem:
Theorem 1.78 (cf. chapter 6 of [114]). Let Γ be a graph and S range over
all S ⊂ Eint (Γ) of ` edges such that removal of every edge in S leaves a connected
graph. Then
XY
(1.7.13)
ΨΓ (t1 , . . . , tn ) =
te .
S e∈S

Proof. See Proposition 3.1.6 of [99].



There is an equivalent formulation of ΨΓ (t) as
XY
(1.7.14)
ΨΓ (t) =
te
T e∈T

or equivalently (in a form we would use)
XY
(1.7.15)
ΨΓ (t) =
te .
T e∈T
/

Here T is a spanning tree of Γ, e an edge in T and te a formal variable associated
to it. (For a proof of these facts, see [102], section 1.3.)
1.7.2. Properties of graph polynomials. Graph polynomials satisfy several properties. Among them, one notes (proposition 2.6 of [92]) that
(1) ΨΓ are sums of monomials with coefficient +1.
(2) No variables of degree > 1 appear in any monomials in ΨΓ .
(3) ΨΓ is a homogenous polynomial of degree = number of cycles of Γ.
Note that we are using the language of graph theory and call a cycle of Γ (a
generator of H1 (Γ, Z)) what many physicists call a loop. In this language, the
number of loops of Γ will be h1 (Γ) := rank H1 (Γ, Z).
1.7.3. Graph hypersurfaces. The Kirchhoff polynomials define hypersurfaces
XΓ = {t = (te ) ∈ P#E(Γ)−1 | ΨΓ (t) = 0}.

(1.7.16)

These are typically singular hypersurfaces.
Definition 1.79 (Feynman period). With the notation above, the Feynman
period is defined in the log-divergent case as
Z
Ω
(1.7.17)
U (Γ) =
D
Σn ΨΓ 2
P
cj ∧ . . . ∧ dtn the volume form in Pn−1 (R)
with Ω = n (−1)i+1 ti dt1 ∧ . . . ∧ dt
i=0

Remark 1.80 ([92], [8]). The basic geometric input data is the pair
(Pn−1 r XΓ , ∆)
Q
with ∆ = { ni=1 ti = 0}. With this, the boundary of the chain Σn is supported
on ∆. Renormalization in their point of view is necessary whenever ΩD acquires
ΨΓ

poles along the expectional divisors upon blowing up the faces of ∆.
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In the case of the log divergent graphs as considered in [92] with number of
loops = 2 (number of edges), the motive involved in the evaluation of the Feynman
integral as a period is of the form
(1.7.18)

H 2n−1 (P r YΓ , Σ r (Σ ∩ YΓ )),

where n is the number of loops, P → P2n−1 is a blowup along linear spaces, YΓ
is the strict transform of XΓ and Σ is the total inverse image of the coordinate
simplex of P2n−1 . In case of the wheel-with-n-spokes graph, it is shown that
(1.7.18) viewed as a Hodge-Tate structure is Q(−2) and as an algebraic de-Rham
realization is generated by the integrand of 1.7.17. Doryn in his PhD thesis used
the methods of [92] to obtain a similar result for the family of zig-zag graphs.
However, there is no reason to believe that all motives obtained from Feynman graph would be mixed Tate. In fact, a very influential paper of BelkaleBrosnan (by way of disproving a point-counting conjecture of Kontsevich) show
that hypersurfaces from Feyman graphs generate the entire Grothendieck ring
of Q-quasiprojective varieties. This imply the existence of motives associated to
Feynman graphs that are not mixed Tate which, in turn, imply the existence
of Feynman periods that are not (multiple) zeta values, following the theory of
Deligne–Goncharov.

CHAPTER 2

Supergeometry of Feynman graphs
This Chapter is the result of my joint work with Matilde Marcolli.
2.1. Introduction
The fact, due to Belkale–Brosnan, that the graph hypersurfaces generate the
Grothendieck ring of varieties means that the computation of the Feynman integral
in terms of a period on the complement of a graph hypersurface in a projective
space gives a general procedure to construct a large class of interesting varieties
with associated periods. Our purpose here is to show that this general procedure can be adapted to produce a large class of interesting supermanifolds with
associated periods.
In the setting of [92] and [91] one is assuming, from the physical viewpoint,
that all edges of the graph are of the same nature, as would be the case in a scalar
field theory with Lagrangian
(2.1.1)

m2 2
1
φ − Lint (φ).
L(φ) = (∂φ)2 −
2
2

However, in more general theories, one has graphs that are constructed out of
different types of edges, which correspond to different propagators in the corresponding Feynman rules. We consider the case of theories with fermions, where
graphs have both fermionic and bosonic legs. From the mathematical point of
view, it is natural to replace the usual construction of the graph hypersurface
by a different construction which assigns to the edges either ordinary variables
(bosonic) or Grassmann variables (fermionic). This procedure yields a natural
way to construct a family of supermanifolds associated to this type of Feynman
graphs.
We give a computation of the Feynman integral in terms of a bosonic and a
fermionic integration, so that the integral is computed as a period on a supermanifold that is the complement of a divisor in a superprojective space, defined by the
set of zeros and poles of the Berezinian of a matrix M(t) associated to a graph
Γ and a choice of a basis B for H1 (Γ). We refer to the divisor defined by this
Berezinian as the graph supermanifold X(Γ,B) .
As in the case of the ordinary graph hypersurfaces, we are interested in understanding their motiving nature first by looking at their classes in the Grothendieck
ring of varieties. To this purpose, we introduce a Grothendieck ring K0 (SVC )
of supermanifold and we prove that it is a polynomial ring K0 (VC )[T ] over the
Grothendieck ring of ordinary varieties. We then use this result to prove that the
classes of the graph supermanifolds X(Γ,B) generate the subring K0 (VC )[T 2 ], where
35
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the degree two appears due to a fermion doubling used in the computation of the
Feynman integral.
In a different perspective, an interest in supermanifolds and their periods has
recently surfaced in the context of mirror symmetry, see [107], [86], [96]. We do
not know, at present, whether the classes of supermanifolds considered here and
their periods may be of any relevance to that context. We mention some points of
contact in §2.4 below.
As the referee to the published version of this Chapter pointed out to us,
a theory of parametric Feynman integrals for scalar supersymmetric theories was
developed in [101]. The type of integrals we are considering here is slightly different
from those of [101], hence we cannot apply directly the results of that paper. It
would be interesting to see what class of graph supermanifolds can be obtained
from the parametric integrals of [101].
2.2. Supermanifolds and motives
2.2.1. Supermanifolds. We recall here a few basic facts of supergeometry
that we need in the following. The standard reference for the theory of supermanifolds is Manin’s [100].
By a complex supermanifold one understands a datum X = (X, A) with the
following properties: A is a sheaf of supercommutative rings on X; (X, OX ) is
a complex manifold, where OX = A/N , with N the ideal of nilpotents in A;
the quotient E = N /N 2 is locally free over OX and A is locally isomorphic to
the exterior algebra Λ•OX (E), where the grading is the Z2 -grading by odd/even
degrees. The supermanifold is split if the isomorphism A ∼
= Λ•OX (E) is global.
Example 2.1. Projective superspace. The complex projective superspace Pn|m
is the supermanifold (X, A) with X = Pn the usual complex projective space and
A = Λ• (Cm ⊗C O(−1)),
with the exterior powers Λ• graded by odd/even degree. It is a split supermanifold.
A morphism F : X1 → X2 of supermanifolds Xi = (Xi , Ai ), i = 1, 2, consists of
a pair F = (f, f # ) of a morphism of the underlying complex manifolds f : X1 →
X2 together with a morphism f # : A2 → f∗ A1 of sheaves of supercommutative
rings with the property that at each point x ∈ X1 the induced morphism fx# :
(A2 )f (x) → (A1 )x satisfies fx# (mf (x) ) ⊂ mx , on the maximal ideals of germs of
sections vanishing at the point (cf. [100], §4.1).
In particular, an embedding of complex supermanifolds is a morphism F =
(f, f # ) as above, with the property that f : X1 ,→ X2 is an embedding and
f # : A2 → f∗ A1 is surjective. As in ordinary geometry, we define the ideal sheaf
of X1 to be the kernel
(2.2.1)

IX1 := Ker(f # : A2 → f∗ A1 ).

An equivalent characterization of an embedding of supermanifold is given as
follows. If we denote by Ei , for i = 1, 2 the holomorphic vector bundles on Xi
such that O(Ei ) = Ei = Ni /Ni2 , with the notation as above, then an embedding
F : X1 ,→ X2 is an embedding f : X1 ,→ X2 such that the induced morphism of
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vector bundles f ∗ : E2 → E1 is surjective (cf. [98]). Thus, we say that Y = (Y, B)
is a closed sub-supermanifold of X = (X, A) when there exists a closed embedding
Y ⊂ X and the pullback of EA under this embedding surjects to EB .
An open submanifold U = (U, B) ,→ X = (X, A) is given by an open embedding
U ,→ X of the underlying complex manifolds and an isomorphism of sheaves
A|U ∼
= B. When Y ⊂ X is a closed embedding and U = X r Y , the ideal sheaf of
Y satisfies IY |U = A|U .
A subvariety in superprojective space is a supermanifold
(2.2.2)

X = (X ⊂ Pn , (Λ• (Cm ⊗C O(−1))/I)|X ),

where I = IX is an ideal generated by finitely many homogeneous polynomials
of given Z/2-parity. In other words, if we denote by (x0 , . . . , xn , θ1 , . . . , θm ) the
bosonic and fermionic coordinates of Pn|m , then a projective subvariety can be
obtained by assigning a number of equations of the form
(2.2.3)
X
Ψev/odd (x0 , . . . , xn , θ1 , . . . , θm ) =
Pi1 ,...,ik (x0 , . . . , xn )θi1 · · · θik = 0,
i1 <···<ik

where the Pi1 ,...,ik (x0 , . . . , xn ) are homogeneous polynomials in the bosonic variables.
Notice that there are strong constraints in supergeometry on realizing supermanifolds as submanifolds of superprojective space. For instance, Penkov and
Skornyakov [103] showed that super Grassmannians in general do not embed in
superprojective space, cf. [100]. The result of LeBrun, Poon, and Wells [98]
shows that a supermanifold X = (X, A) with compact X can be embedded in
some superprojective space Pn|m if and only if it has a positive rank-one sheaf of
A-modules.
Notice that, in the above, we have been working with complex projective superspace and complex subvarieties. However, it is possible to consider supergeometry
in an arithmetic context, as shown in [106], so that it makes sense to investigate
extensions of motivic notions to the supergeometry setting. In the present paper
we limit our investigation of motivic aspects of supermanifolds to the analysis of
their classes in a suitable Grothendieck ring.
2.2.2. A Grothendieck group. We begin by discussing the Grothendieck
group of varieties in the supergeometry context and its relation to the Grothendieck
group of ordinary varieties. The latter case of the Grothendieck ring in case of
ordinary varieties is discussed in Chapter 1, section 1.1.
We first recall the following notation from [95] §II.2.3. Given a locally closed
subset Y ⊂ X and a sheaf A on X, there exists a unique sheaf AY with the
property that
(2.2.4)

AY |Y = A|Y

and AY |XrY = 0.

In the case where Y is closed, this satisfies AY = i∗ (A|Y ) where i : Y ,→ X is the
inclusion, and when Y is open it satisfies AY = Ker(A → i∗ (A|XrY )).
Definition 2.2. Let SVC be the category of complex supermanifolds with
morphisms defined as above. Let K0 (SVC ) denote the free abelian group generated
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by the isomorphism classes of objects X ∈ SVC subject to the following relations.
Let F : Y ,→ X be a closed embedding of supermanifolds. Then
(2.2.5)

[X ] = [Y] + [X r Y],

where X r Y is the supermanifold
(2.2.6)

X r Y = (X r Y, AX |XrY ).

In particular, in the case where A = OX is the structure sheaf of X, the
relation (2.2.5) reduces to the usual relation
(2.2.7)

[X] = [Y ] + [X r Y ].

in the Grothendieck group of ordinary varieties, for a closed embedding Y ⊂ X.
Lemma 2.3. All supermanifolds decompose in K0 (SVC ) as a finite combination
of split supermanifolds, and in fact of supermanifolds where the vector bundle E
with O(E) = E = N /N 2 is trivial.
Proof. This is a consequence of the dévissage of coherent sheaves. Namely,
for any coherent sheaf A over a Noetherian reduced irreducible scheme there exists
a dense open set U such that such that A|U is free. The relation (2.2.5) then ensures
that, given a pair X = (X, A) and the sequence of sheaves
0 → i! (A|U ) → A → j∗ (A|Y ) → 0,
associated to the open embedding U ⊂ X with complement Y = X r U , the class
[X, A] satisfies
[X, A] = [U, AU |U ] + [Y, AY |Y ].
The sheaf AY on X, which has support Y , has a chain of subsheaves AY ⊃ A1 ⊃
· · · ⊃ Ak = 0 such that each quotient Ai /Ai+1 is coherent on Y . Thus, one can
find a stratification where on each open stratum the supermanifold is split and
with trivial vector bundle. The supermanifold X = (X, A) decomposes as a sum
of the corresponding classes in the Grothendieck group.

The fact that the vector bundle that constitutes the fermionic part of a supermanifold is trivial when seen in the Grothendieck group is the analog for supermanifolds of the fact that any projective bundle is equivalent to a product in the
Grothendieck group of ordinary varieties.
It follows from Lemma 2.3 above that the product makes K0 (SVC ) into a ring
with
[X ][Y] = [X × Y].
In fact, we have the following more precise description of K0 (SVC ) in terms of the
Grothendieck ring of ordinary varieties.
Corollary 2.4. The Grothendieck ring K0 (SVC ) of supervarieties is a polynomial ring over the Grothendieck ring of ordinary varieties of the form
(2.2.8)

K0 (SVC ) = K0 (VC )[T ],

where T = [A0|1 ] is the class of the affine superspace of dimension (0, 1).
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It then follows that the relation in theorem [40] between the Grothendieck
ring and the semigroup ring of stable birational equivalence classes extends to this
context.
Notice that, in the supermanifold case, there are now two different types of
Lefschetz motives, namely the bosonic one Lb = [A1|0 ] and the fermionic one
Lf = [A0|1 ]. By analogy to what happens in motivic integration and in the theory
of motives, we may want to localize at the Lefschetz motives, i.e. invert both Lb
and Lf . That is, according to Corollary 2.4, we consider the field of fractions
−1 K (V ), with respect to the multiplicative semigroup S =
of K0 (VC )[L−1
0 C
b ] = S
2
{1, Lb , Lb , . . .} and then the ring of Laurent polynomials
(2.2.9)

−1
−1
S −1 K0 (VC )[Lf , L−1
f ] = K0 (VC )[Lb , Lf , Lf ].

This suggests extensions of motivic integration to the context of supermanifolds,
but we will not pursue this line of thought further in the present paper.
There is also a natural extension to supermanifolds of the usual notion of
birational equivalence. We say that two supermanifolds X = (X, A) and (Y, B)
are birational if there exist open dense embeddings of supermanifolds U ⊂ X and
V ⊂ Y and an isomorphism U ∼
= V. Similarly, one can give a notion analogous
to that of stable birational equivalence by requiring that there are superprojective
spaces Pn|m and Pr|s such that X × Pn|m and Y × Pr|s are birational. One then
finds the following. We denote by Z[SSB] the semigroup ring of stable birational
equivalence classes of supermanifolds.
Corollary 2.5. There is a surjective ring homomorphism K0 (SVC ) → Z[SSB],
which induces an isomorphism
(2.2.10)
K0 (SVC )/I ∼
= Z[SSB],
where I is the ideal generated by the classes [A1|0 ] and [A0|1 ].
The formal inverses of Lf and Lb correspond to two types of Tate objects for
motives of supermanifold, respectively fermionic and bosonic Tate motives. We
see from Corollary 2.4 and (2.2.9) that the fermionic part of the supermanifolds
only contribution to the class in the Grothendieck ring is always of this fermonic
Tate type, while only the bosonic part can provide non-Tate contributions.
2.2.3. Integration on supermanifolds. The analog of the determinant in
supergeometry is given by the Berezinian. This is defined in the following way.
Suppose given a matrix M of the form


M11 M12
M=
,
M21 M22
where the M11 and M22 are square matrices with entries of order zero and the M12
and M21 have elements of order one. Then the Berezinian of M is the expression
(2.2.11)

Ber(M) :=

−1
det(M11 − M12 M22
M21 )
.
det(M22 )

It satisfies Ber(MN ) = Ber(M)Ber(N ).
It is shown in [89] that Grassmann integration satisfies a change of variable
formula where the Jacobian of the coordinate change is given by the Berezinian
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α
Ber(J) with J the matrix J = ∂X
∂Yβ with Xα = (xi , ξr ) and Yβ = (yj , ηs ). We
explain in §2.3 below how to use this to replace expressions of the form (??) for
Feynman integrals, with similar expressions involving a Berezinian and a Grassmann integration over a supermanifold.

2.2.4. Divisors. There is a well developed theory of divisors on supermanifolds, originating from [105]. A Cartier divisor on a supermanifold X of dimension
(n|m) is defined by a collection of even meromorphic functions φi defined on an
open covering Ui ,→ X , with φi φ−1
a holomorphic function on Ui ∩ Uj nowhere
j
vanishing on the underlying Ui ∩ Uj . Classes of divisors correspond to equivalence
classes of line bundles and can be described in terms of integer linear combinations
of (n − 1|m)-dimensional subvarieties Y ⊂ X .
2.3. Supermanifolds from graphs
We start with a modified version of the construction in section of the previous
Chapter, where we deal with graphs that have both bosonic and fermionic legs,
and we maintain the distinction between these two types at all stages by assigning
to them different sets of ordinary and Grassmann variables. Strictly from the
physicists point of view this is an unnecessary complication, because the formulae
we recalled in this section adapt to compute Feynman integrals also in theories with
fermionic fields, but from the mathematical viewpoint this procedure will provide
us with a natural way of constructing an interesting class of supermanifolds with
associated periods.
2.3.1. The case of Grassmann variables. Consider now the case of Feynman propagators and Feynman diagrams that come from theories with both bosonic
and fermionic fields. This means that, in addition to terms of the form (2.1.1),
the Lagrangian also contains fermion interaction terms. The form of such terms
is severely constrained (see e.g. [104], §5.3): for instance, in dimension D = 4
renormalizable interaction terms can only involve at most two fermion and one
boson field.
The perturbative expansion for such theories corresponsingly involve graphs
Γ with two different types of edges: fermionic and bosonic edges. The Feynman
rules assign to each bosonic edge a propagator of the form (1.7.8) and to fermionic
edges a propagator
i
p+m
=
.
(2.3.1)
i 2
2
p −m
p−m
Notice that in physically significant theories one would have i(/
p − m)−1 with
p/ = pµ γµ , but for simplicity we work here with propagators of the form (2.3.1),
without tensor indices.
In the following we use the notation
(2.3.2)

q(p) = p2 − m2 ,

q(p) = i(p + m)

for the quadratic and linear forms that appear in the propagators (1.7.8) and
(2.3.1). In the following, again just to simplify notation, we also drop the mass
terms in the propagator (i.e. we set m = 0) and ignore the resulting infrared
divergence problem. The reader can easily reinstate the masses whenever needed.
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Thus, the terms of the form (q1 · · · qn )−1 , which we encountered in the purely
bosonic case, are now replaced by terms of the form
q1 · · · qf
,
q1 · · · qn

(2.3.3)

where n = #E(Γ) is the total number of edges in the graph and f = #Ef (Γ) is
the number of fermionic edges.
We first prove an analog of Lemma 1.76, where we now introduce an extra
set of Grassmann variables associated to the fermionic edges. The derivation we
present suffers from a kind of “fermion doubling problem”, in as each fermionic
edge contributes an ordinary integration variables, which essentially account for
the denominator qi in (2.3.1) and (2.3.3), as well as a pair of Grassman variables
accounting for the numerator qi in (2.3.1) and (2.3.3).
Let Qf denote the 2f × 2f antisymmetric matrix


0
q1
0
0 ···
0
0
 −q1 0
0
0 ···
0
0 


 0
0
0
q2 · · ·
0
0 



0 −q2 0 · · ·
0
0 
(2.3.4)
Qf =  0
.
 ..
.. 
 .
···
. 


 0
0
0
0 ···
0
qf 
0
0
0
0 · · · −qf 0
Lemma 2.6. Let Σn|2f denote the superspace Σn × A0|2f . Then the following
identity holds:
Z
dt1 · · · dtn−1 dθ1 · · · dθ2f
q1 · · · qf
= Kn,f
,
(2.3.5)
1 t
n−f
q1 · · · qn
Σn|2f (t1 q1 + · · · tn qn + 2 θ Qf θ)
with
Kn,f = Qf

2f (n − 1)!

k=1 (−n

+ f − k + 1)

.

Proof. We first show that the following identity holds for integration in the
Grassmann variables θ = (θ1 , . . . , θ2f ):
 
Z
dθ1 · · · dθ2f
f ! −α
(2.3.6)
= f
q1 · · · qf .
f
2
(1 + 21 θt Qf θ)α
In fact, we expand using the Taylor series
(1 + x)β =

∞  
X
β
k=0

k

xk

and the identity
f

X
1 t
θ Qf θ =
qi θ2i−1 θ2i ,
2
i=1
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together with the fact that the degree zero variables xi = θ2i−1 θ2i commute, to
obtain
 f
∞ 
X
1 t
−α X
−α
(1 + θ Qf θ) =
(
qi θ2i−1 θ2i )k .
2
k
k=0

i=1

The rules of Grassmann integration then imply that only the coefficient of θ1 · · · θ2f
remains as a result of the integration. This gives (2.3.6).
For simplicity of notation, we then write T = t1 q1 + · · · tn qn , so that we have
Z
1
dt1 · · · dtn−1 dθ1 · · · dθ2f =
1 t
n−f
Σn|2f (t1 q1 + · · · tn qn + 2 θ Qf θ)


Z
f ! −n + f
q
·
·
·
q
T −n+f T −f dt1 · · · dtn−1
1
f
f
2f
Σn




Z
f ! −n + f
dt1 · · · dtn−1
−n + f q1 · · · qf
f!
= f
q1 · · · qf
= f
.
n
f
f
q1 · · · qn
2
2 (n − 1)!
Σn (t1 q1 + · · · + tn qn )

2.3.2. Graphs with fermionic legs. Consider now the case of graphs that
have both bosonic and fermionic legs. We mimic the procedure described above,
but by using both ordinary and Grassmann variables in the process.
We divide the edge indices i = 1, . . . , n into two sets ib = 1, . . . , nb and if =
1, . . . , nf , with n = nb + nf , respectively labeling the bosonic and fermionic legs.
Consequently, given a choice of a basis for the first homology of the graph, indexed
as above by r = 1, . . . , `, we replace the matrix ηir of (1.7.5), with a matrix of the
form


ηif rf ηif rb
(2.3.7)
.
ηib rf ηib rb
Here the loop indices r = 1, . . . , ` are at first divided into three sets {1, . . . , `f f },
labelling the loops consisiting of only fermionic edges, {1, . . . , `bb } labelling the
loops consisting of only bosonic edges, and the remaning variables {1, . . . , `bf =
` − (`f f + `bb )} for the loops that contain both fermionic and bosonic edges. We
then introduce two sets of momentum variables: ordinary variables srb ∈ AD|0 ,
with rb = 1, . . . , `b = `bb + `bf , and Grassmann variables σrf ∈ A0|D with rf =
1, . . . , `f = `f f +`bf . That is, we assign to each purely fermionic loop a Grassmann
momentum variable, to each purely bosonic loop an ordinary momentum variable,
and to the loops containing both fermionic and bosonic legs a pair (sr , σr ) of an
ordinary and a Grassman variable. In (2.3.7) above we write rf and rb , respectively,
for the indexing sets of these Grassmann and ordinary variables.
We then consider a change of variables
X
X
X
X
(2.3.8) pib = uib +
ηib rf σrf +
ηib rb srb , pif = uif +
ηif rf σrf +
ηif rb srb .
rf

rb

rf

rb

analogous to the one used before, where now, for reasons of homogeneity, we need
to assume that the ηirf are of degree one and the ηirb are of degree zero, since the
pi are even (ordinary) variables.
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We apply the change of variables (2.3.8) to the expression
X
X
θ2if −1 θ2if pif .
(2.3.9)
ti p2i +
i

if

We assume again, as in the purely bosonic case (cf. (18.35) of [90]), the relations
X
ti ui ηir = 0
i

for each loop variable r = rb and r = rf .
We can then rewrite (2.3.9) in the form
X
X
θ2if −1 θ2if uif
ti u2i +
i

+

if

X X
X X
(
ti ηirf ηirf0 )σrf σrf0
(
ti ηirb ηirb0 )srb srb0 −
rb ,rb0

rf rf0

i

i

!
+

X
rb rf

+

(

X

ti ηirb ηirf )srb σrf − σrτf sτrb (

i

X

ti ηirf ηirb )

i

XX
XX
(
θ2if −1 θ2if ηif rb )srb +
(
θ2if −1 θ2if ηif rf )σrf .
rb

if

rf

if

Notice the minus sign in front of the quadratic term in the σrf , since for order-one
variables σrf ηirf0 = −ηirf0 σrf . We write the above in the simpler notation
(2.3.10) T + sτ Mb (t)s − σ τ Mf (t)σ + σ τ Mf b (t)s − sτ Mbf (t)σ + Nb (θ)s + Nf (θ)σ,
where τ denotes transposition, s = (srb ), σ = (σrf ), and
P
P
T = i ti u2i + if θ2if −1 θ2if uif ,
P
Mb (t) = i ti ηirb ηirb0 ,
P
Mf (t) = i ti ηirf ηirf0 = −Mf (t)τ ,
(2.3.11)
P
Mf b (t) = i ti ηirb ηirf ,
P
Nb (θ) = if θ2if −1 θ2if ηif rb ,
P
Nf (θ) = if θ2if −1 θ2if ηif rf .
Since the ηi,rf are of degree one and the ηi,rb of degree zero, the matrices Mb and
Mf are of degree zero, the Mbf and Mf b of degree one, while the Nb and Nf are,
respectively, of degree zero and one. Thus, the expression (2.3.10) is of degree zero.
Notice that, since the ηirf are of order one, the matrix Mf (t) is antisymmetric.
We also set Mbf (t) = Mf b (t) = Mf b (t)τ .
We then consider an integral of the form
Z
dD s1 · · · dD s`b dD σ1 · · · dD σ`f
P
P
=
( i ti p2i + if θ2if −1 θ2if pif )n−f
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(2.3.12)
Z

dD s1 · · · dD s`b dD σ1 · · · dD σ`f
,
(T + sτ Mb (t)s + Nb (θ)s − σ τ Mf (t)σ + σ τ Mf b (t)s − sτ Mf b (t)τ σ + Nf (θ)σ)n−f

where the dD σi = dσi1 · · · dσiD are Grassmann variables integrations and the dD si
are ordinary integrations.
Recall that for Grassmann variables we have the following change of variable
formula.
Lemma 2.7. Suppose given an invertible antisymmetric N × N -matrix A with
entries of degree zero and an N -vector J with entries of degree one. Then we have
1
1
(2.3.13)
σ τ Aσ + (J τ σ − σ τ J) = η τ Aη + J τ A−1 J,
2
4
1 −1
for η = σ − 2 A J.
Proof. The result is immediate: since Aτ = −A, we simply have
1
1
1
η τ Aη = σ τ Aσ + J τ σ − σ τ J − J τ A−1 J.
2
2
4

We then use this change of variable to write
(2.3.14)

−σ τ Mf (t)σ + σ τ Mf b (t)s − sτ Mf b (t)τ σ + 21 (σ τ Nf (θ) − Nf (θ)τ σ) =
−η τ Mf (t)η − 14 (Mf b (t)s + 12 Nf (θ))τ Mf (t)−1 (Mf b (t)s + 21 Nf (θ))

with
(2.3.15)



1
1
−1
η = σ − Mf (t)
Mf b (t)s + Nf (θ) .
2
2

We have
1
1
1
(Mf b (t)s + Nf (θ))τ Mf (t)−1 (Mf b (t)s + Nf (θ)) =
4
2
2
1 τ
1
s Mbf (t)Mf (t)−1 Mf b (t)s + (Nf (θ)τ Mf (t)−1 Mf b (t)s + sτ Mbf (t)Mf (t)−1 Nf (θ))
4
8
1
+ Nf (θ)τ Mf (t)−1 Nf (θ).
16
We then let
(2.3.16)

U (t, θ, s) := T + C(t, θ) + sτ Ab (t)s + Bb (t, θ)s,

where
Ab (t) = Mb (t) − 14 Mbf (t)Mf (t)−1 Mf b (t)
(2.3.17)

Bb (t, θ) = Nb (θ) − 14 Nf (θ)τ Mf (t)−1 Mf b (t)
1
C(t, θ) = − 16
Nf (θ)τ Mf (t)−1 Nf (θ).

Thus, we write the denominator of (2.3.12) in the form

n−f
1 τ
n−f
(2.3.18)
U (t, θ, s)
1 + η Xf (t, θ, s)η
,
2
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where we use the notation
(2.3.19)

Xf (t, θ, s) := 2U (t, θ, s)−1 Mf (t).

Thus, the Grassmann integration in (2.3.12) gives, as in Lemma 2.6,
Z
dD η1 · · · dD η`f
2D`f /2
(2.3.20)
det(Mf (t))D/2 ,
=
C

n,f,`
f
n−f
U (t, θ, s)D`f /2
1 + 12 η τ Xf (t, θ, s)η
where Cn,f,`f is a combinatorial factor obtained as in Lemma 2.6.
We then proceed to the remaining ordinary integration in (2.3.12). We have,
dropping a multiplicative constant,
Z
dD s1 · · · dD s`b
D/2
(2.3.21)
det(Mf (t))
.
U (t, θ, s)n−f +D`f /2
This now can be computed as in the original case we reviewed in §2.3 above.
We use the change of variables v = s + 12 Mb (t)−1 Nb (θ)τ . We then have
(2.3.22)
1
1
1
vτ Ab (t)v = sτ Ab (t)s + sτ Bb (t, θ)τ + Bb (t, θ)s + Bb (t, θ)Ab (t)−1 Bb (t, θ)τ ,
2
2
4
where Ab (t)τ = Ab (t) and (Bb (t, θ)s)τ = Bb (t, θ)s.
We then rewrite (2.3.21) in the form
Z
dD v1 · · · dD v`b
D/2
.
(2.3.23)
det(Mf (t))
τ
n−f +D`f /2
τ
(T + C − 14 Bb A−1
b Bb + v Ab v)
Set then
1
τ
T̃ (t, θ) = T (t, θ) + C(t, θ) − Bb (t, θ)A−1
b (t)Bb (t, θ) ,
4
so that we write the above as
Z
det(Mf (t))D/2
dD v1 · · · dD v`b
,
(1 + vτ Xb (t, θ)v)n−f +D`f /2
T̃ (t, θ)n−f +D`f /2
(2.3.24)

with
Xb (t, θ) = T̃ (t, θ)−1 Ab (t).
Then, up to a multiplicative constant, the integral gives
(2.3.25)

T̃ −n+f −

D`f
2

+

D`b
2

det(Mf (t))D/2
.
det(Ab (t))D/2

Consider first the term

det(Mf (t))D/2
det(Ab (t))D/2
in (2.3.25) above. This can be identified with a Berezinian. In fact, we have
(2.3.26)

det(Mf (t))D/2
= Ber(M(t))−D/2 ,
det(Mb (t) − 14 Mf b (t)Mf (t)−1 Mf b (t))D/2

where

(2.3.27)

M(t) =

Mb (t)
1
2 Mbf (t)

1
2 Mf b (t)
Mf (t)


.
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D`f

D`b

We now look more closely at the remaining term T̃ −n+f − 2 + 2 in (2.3.25).
We know from (2.3.24), (2.3.17), and (2.3.11) that we can write T̃ (t, θ) in the form
X
X
X
(2.3.28)
T̃ (t, θ) =
u2i ti +
ui θ2j−1 θ2j +
Cij (t)θ2i−1 θ2i θ2j−1 θ2j ,
i

j

i<j

where the first sum is over all edges and the other two sums are over fermionic
edges. We set λi = θ2i−1 θ2i . Using a change of variables λ̃i = λi + 12 Cu, we rewrite
the above as
X
X
1
Cij η2i−1 η2i η2j−1 η2j ,
T̃ (t, θ) =
u2i ti − uτ Cu +
4
i<j

i

with λ̃i = η2i−1 η2i . We denote by
T̂ (t) =

X
i

1
u2i ti − uτ Cu
4

and we write
T̃ −α = T̂ −α


∞ 
X
−α
k

k=0

where we use the notation 21 λ̃τ C λ̃ =

P

i<j

1 τ
2 λ̃ C λ̃

!k

T̂

Cij η2i−1 η2i η2j−1 η2j .

Thus, we can write the Feynman integral in the form
Z
q1 · · · qf D
d s1 · · · dD s`b dD σ1 · · · dD σ`f =
q1 · · · qn
Z
Λ(t)η1 · · · η2f
(2.3.29)
κ
dt1 · · · dtn dη1 · · · dη2f ,
f
D
n−
+
(`f −`b )
2
2
Σn|2f T̂ (t)
Ber(M(t))D/2
where Λ(t) is T̂ f /2 times the coefficient of η1 · · · η2f in the expansion
!k
 1 τ
∞ 
X
λ̃
C
λ̃
−α
2
.
k
T̂
k=0
More explicitly, this term is of the form
X
Λ(t) =
Ci1 i2 (t) · · · Cif −1 if (t),
over indices ia with i2a−1 < i2a and for k = f /2. The multiplicative constant in
front of the integral on the right hand side above is given by


(`f − `b )
−n + f − D
2
.
κ=
f /2
We then obtain the following result.
Theorem 2.8. Suppose given a graph Γ with n edges, of which f fermionic
and b = n − f bosonic. Assume that there exists a choice of a basis for H1 (Γ)
satisfying the condition
f
D
(2.3.30)
n − + (`f − `b ) = 0.
2
2
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Then the following identity holds:
(2.3.31)
Z
Z
q1 · · · qf D
Λ(t)
D
D
D
d s1 · · · d s`b d σ1 · · · d σ`f =
dt · · · dtn .
D/2 1
q1 · · · qn
Σn Ber(M(t))
Proof. This follows directly from (2.3.29), after imposing n− f2 + D
2 (`f −`b ) =
0 and performing the Grassmann integration of the resulting term
Z
Λ(t)η1 · · · η2f
(2.3.32)
dt · · · dtn dη1 · · · dη2f .
D/2 1
Σn|2f Ber(M(t))

2.3.3. Graph supermanifolds. The result of the previous section shows
that we have an analog of the period integral
Z
dt1 · · · dtn
D/2
det(M
Γ (t))
Σn
given by the similar expression
Z
Λ(t)
(2.3.33)
dt · · · dtn .
D/2 1
Σn Ber(M(t))
Again we see that, in this case, divergences arise from the intersections between
the domain of integration given by the simplex Σn and the subvariety of Pn−1
defined by the solutions of the equation
(2.3.34)

Ber(M(t))D/2
= 0.
Λ(t)

Lemma 2.9. For generic graphs, the set of zeros of (2.3.34) defines a hypersurface in Pn , hence a divisor in Pn−1|2f of dimension (n − 2|2f ). The support of
this divisor is the same as that of the principal divisor defined by Ber(M(t)).
Proof. The generic condition on graphs is imposed to avoid the cases with
Mf (t) ≡ 0. Thus, suppose given a pair (Γ, B) that is generic, in the sense that
Mf (t) is not identically zero. The equation (2.3.34) is satisfied by solutions of
1
det(Mb (t) − Mbf (t)Mf (t)−1 Mf b (t)) = 0
4
and by poles of Λ(t). Using the formulae (2.3.17) and (2.3.11) we see that the
denominator of Λ(t) is given by powers of det(Mf (t)) and det(Ab (t)) = det(Mb (t)−
1
−1
4 Mbf (t)Mf (t) Mf b (t)). Thus, the set of solutions of (2.3.34) is the union of
zeros and poles of Ber(M(t)). The multiplicities are given by the powers of these
determinants that appear in Λ(t)Ber(M(t))−D/2 .

Definition 2.10. Let Γ be a graph with bosonic and fermionic edges and B a
choice of a basis of H1 (Γ). We denote by X(Γ,B) ⊂ Pn−1|2f the locus of zeros and
poles of Ber(M(t)) = 0. We refer to X(Γ,B) as the graph supermanifold.
In the degenerate cases of graphs such that Mf (t) ≡ 0, we simply set X(Γ,B) =
Examples of this sort are provided by data (Γ, B) such that there is
only one loop in B containing fermionic edges. Other special cases arise when we

Pn−1|2f .
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Figure 1. Choices of a basis for H1 (Γ).
consider graphs with only bosonic or only fermionic edges. In the first case, we
go back to the original calculation without Grassmann variables and we therefore
simply recover X(Γ,B) = XΓ = {t : det(Mb (t)) = 0} ⊂ Pn−1|0 . In the case with
only fermionic edges, we have det(Mb (t) − 41 Mbf (t)Mf (t)−1 Mf b (t)) ≡ 0 since both
Mb (t) and Mbf (t) are identically zero. It is then natural to simply assume that,
in such cases, the graph supermanifold is simply given by X(Γ,B) = Pf −1|2f .
2.3.4. Examples from Feynman graphs. We still need to check that the
condition (2.3.30) we imposed on the graph is satisfied by some classes of interesting graphs. First of all, notice that the condition does not depend on the graph
alone, but on the choice of a basis for H1 (Γ). The same graph can admit choices
for which (2.3.30) is satisfied and others for which it fails to hold. For example,
consider the graph illustrated in Figure 1, for a theory in dimension D = 6, where
we denoted bosonic edges by the dotted line and fermionic ones by the full line.
There exists a choice of a basis of H1 (Γ) for which (2.3.30) is satisfied, as the first
choice in the figure shows, while not all choices satisfy this condition, as one can
see in the second case.

One can see easily that one can construct many examples of graphs that admit
a basis of H1 (Γ) satisfying (2.3.30). For instance, the graph in Figure 2 is a slightly
more complicated example in D = 6 of a graph satisfying the condition. Again we
used dotted lines for the bosonic edges and full lines for the fermionic ones.

Let us consider again the example of the very simple graph of Figure 1, with
the first choice of the basis B for H1 (Γ). This has two generators, one of them
a loop made of fermionic edges and the second a loop containing both fermionic
and bosonic edges. Let us assign the ordinary variables ti with i = 1, . . . , 5 to the
edges as in Figure 3. We then have
Mb (t) = t1 + t2 + t3
since only the second loop in the basis contains bosonic edges, while we have
Mbf (t) = (t1 + t2 , t1 + t2 + t3 ) = t1 (1, 1) + t2 (1, 1) + t3 (0, 1) + t4 (0, 0) + t5 (0, 0)
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Figure 2. A graph with a basis of H1 (Γ) satisfying (2.3.30).
t4

t1
t3
t
2

t
5

Figure 3. Edge variables.
and

Mf (t) =

0
t1 + t2
−(t1 + t2 )
0


.

Thus, we obtain in this case
−1

Mbf (t)Mf (t)


Mf b (t) = (t1 + t2 , t1 + t2 + t3 )

= (t1 + t2 , t1 + t2 + t3 )

−(t1 +t2 +t3 )
t1 +t2

1

0
1
t1 +t2

−1
t1 +t2

0



t1 + t2
t1 + t2 + t3



!
= −(t1 + t2 + t3 ) + t1 + t2 + t3 ≡ 0.

Thus, in this particular example we have Mbf (t)Mf (t)−1 Mf b (t) ≡ 0 for all t =
(t1 , . . . , t5 ), so that Ber(M(t)) = det(Mb (t)) det(Mf (t))−1 = (t1 +t2 +t3 )/(t1 +t2 )2
and the locus of zeros and poles X(Γ,B) ⊂ P5|8 is the union of t1 + t2 + t3 = 0 and
t1 + t2 = 0 in P5 (the latter counted with multiplicity two), with the restriction of
the sheaf from P5|8 .

2.3.5. The universality property. Lemma 2.11 below shows to what extent the “universality property” of graph hypersurfaces, i.e. the fact that they
generate the Grothendieck group of varieties, continues to hold when passing to
supermanifolds.
Lemma 2.11. Let R be the subring of the Grothendieck ring K0 (SVC ) of supermanifolds spanned by the [X(Γ,B) ], for X(Γ,B) the graph supermanifolds defined
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B

F

Figure 4. Graphs with `bf = 0.
by the divisor of zeros and poles of the Berezinian Ber(M(t)), with B a choice of
a basis of H1 (Γ). Then
R = K0 (VC )[T 2 ] ⊂ K0 (SVC ),
where T = [A0|1 ].
Proof. By Corollary 2.4 and the universality result of [87], it suffices to prove
that the subring of K0 (SVC ) generated by the [X(Γ,B) ] contains the classes of the
ordinary graph hypersurfaces in K0 (VC ) and the class [A0|2 ].

To show that R contains the ordinary graph hypersurfaces, consider the special
class of graphs that are of the form schematically illustrated in Figure 4. These
are unions of two graphs, one only with bosonic edges and one only with fermionic
edges, with a single vertex in common. Notice that in actual physical theories the
combinatorics of graphs with only fermionic edges is severely restricted (see [104],
§5.3) depending on the dimension D in which the theory is considered. However,
for the purpose of this universality result, we allow arbitrary D and corresponding
graphs, just as in the result of [87] one does not restrict to the Feynman graphs
of any particular theory.
The graphs of Figure 4 provide examples of graphs with bases of H1 (Γ) containing loops with only fermionic or only bosonic legs, i.e. with `bf = 0, `f = `f f
and `b = `bb . This implies that, for all these graphs Γ = ΓB ∪v ΓF with the
corresponding bases of H1 , one has Mbf (t) ≡ 0, since for each edge variable ti
one of the two factors ηirb ηirf is zero. Thus, for this class of examples we have
Ber(M(t)) = det(Mb (t))/ det(Mf (t)). Moreover, we see that for these examples
det(Mb (t)) = ΨΓb (t) is the usual graph polynomial of the graph ΓB with only
bosonic edges. Since such ΓB can be any arbitrary ordinary graph, we see that the
locus of zeros alone, and just for this special subset of the possible graphs, already
suffices to generate the full K0 (VC ) since it gives all the graph varieties [XΓB ].
To show then that the subring R contains the classes [A0|2f ], for all f , first
notice that the classes [Pn ][A0|2f ] = [pt][A0|2f ] + [A1|0 ][A0|2f ] + · · · + [An|0 ][A0|2f ]
belong to R, for all n and f . These are supplied, for instance, by the graphs with
a single loop containing fermionic edges, as observed above. This implies that
elements of the form [An|0 ][A0|2f ] = [Pn ][A0|2f ] − [Pn−1 ][A0|2f ] belong to R. In
particular the graph consisting of a single fermionic edge closed in a loop gives
[A0|2f ] in R.

Notice that in [87], in order to prove that the correspoding graph hypersurfaces
generate K0 (VC ), one considers all graphs and not only the log divergent ones with
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n = D`/2, even though only for the log divergent ones the period has the physical
interpretation as Feynman integral. Similarly, here, in Lemma 2.11, we consider
all (Γ, B) and not just those satisfying the condition (2.3.30).
The fact that we only find classes of the even dimensional superplanes [A0|2f ] in
R instead of all the possible classes [A0|f ] is a consequence of the fermion doubling
used in Lemma 2.6 in the representation of the Feynman integral in terms of an
ordinary and a fermionic integration.
2.4. Supermanifolds and mirrors
We discuss here some points of contact between the construction we outlined
in this paper and the supermanifolds and periods that appear in the theory of
mirror symmetry.
Supermanifolds arise in the theory of mirror symmetry (see for instance [107],
[86], [96]) in order to describe mirrors of rigid Calabi–Yau manifolds, where the
lack of moduli of complex structures prevents the existence of Kähler moduli on
the mirror. The mirror still exists, not as a conventional Kähler manifold, but as
a supermanifold embedded in a (weighted) super-projective space.
For instance, in the construction given in [107], one considers the hypersurface
in (weighted) projective space given by the vanishing of a superpotential X =
{W = 0} ⊂ Pn . The local ring of the hypersurface X is given by polynomials in
the coordinates modulo the Jacobian ideal RX = C[xi ]/dW (xi ). To ensure the
vanishing of the first Chern class, one corrects the superpotential W by additional
quadratic terms in either bosonic or fermionic variables, so that the condition
W = 0 defines a supermanifold embedded in a (weighted) super-projective space,
instead of an ordinary hypersurface in projective space.
In the ordinary case, one obtains the primitive part of the middle cohomology
H0n−1 (X) and its Hodge decomposition via the Poincaré residue
Z
(2.4.1)
Res(ω) =
ω,
C

with C a 1-cycle encircling the hypersurface X, applied to forms of the form
P (x0 , . . . , xn )Ω
,
(2.4.2)
ω(P ) =
Wk
P
ci · · · dxn , as in (1.7.17) with λi the weights in
with Ω = ni=0 (−1)i λi xi dx0 · · · dx
the case ofPweighted projective spaces, and with P ∈ RX satisfying k deg(W ) =
deg(P ) + i λi .
In the supermanifold case, one replaces the calulation of the Hodge structure on
the mirror done using the technique described above, by a supergeometry analog,
where the forms (2.4.2) are replaced by forms
P (x0 , . . . , xn )dθ1 · · · dθ2m Ω
,
Wk
where here the superpotential W is modified by the presence of an additional
quadratic term in the fermionic variables θ1 θ2 + · · · θ2m−1 θ2m .
In comparison to the setting discussed in this paper, notice that the procedure
of replacing the potential W by W 0 = W +θ1 θ2 +· · · θ2m−1 θ2m , with the additional
fermionic integration, is very similar to the first step in our derivation where we
(2.4.3)
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replaced the original expression T = t1 q1 + · · · tn qn by the modified one T + 12 θτ Qθ
with 1 θτ Qθ = q1 θ1 θ2 + · · · + qf θ2f −1 θ2f . Thus, replacing the ordinary integration
R −n2
R
T (t)dt by the integration (T (t) + 12 θτ Qθ)−n+f dtdθ is an analog of replacing
R −k
R
the integral W dt with the integral (W + θ1 θ2 + · · · θ2m−1 θ2m )−k dtdθ used
in the mirror symmetry context. However, there seems to be no analog, in that
setting, for the type of periods of the form (2.3.33) that we obtain here and for the
corresponding type of supermanifolds defined by divisors of Berezinians considered
here.

CHAPTER 3

Graph insertions and hypersurface singularities
This Chapter is the result of my joint work with Christoph Bergbauer.
3.1. Connes-Kreimer theory
Recall the existence of a Hopf algebra structure on the space of Feynman graphs
of a given physical theory of Feynman graphs associated to a given quantum field
theory (cf. [15].) The coproduct on this Hopf algebra– the Connes–Kreimer Hopf
algebra– is given by
X
(3.1.1)
∆(Γ) = 1 ⊗ Γ + Γ ⊗ 1 +
γ ⊗ Γ/γ
γ⊂Γ

where γ ⊂ Γ are (one-particle irreducible) subgraphs of a given Feynman graph
Γ and the quotient Γ/γ denotes a graph obtained by contracting each component
of γ into a vertex. The reader is referred to definitions 1.12 and 1.14 of [18] for a
very careful description of the subgraphs allowed in (3.1.1).
The BPHZ recursion formula for renormalization can be conceptually understood through this Hopf algebra as a problem of Birkhoff factorization of loops on
the associated affine group scheme and as a Riemann-Hilbert problem. In [17] it is
shown that using viewpoint one can construct a Tannakian category of a geometric origin with the associated motivic Galois group containing the renormalization
group as a 1-parameter subgroup. (See chapter 1 of [18] for a recent and extensive
review of these and related topics.)
Through a general argument (the Milnor-Moore theorem), one can also construct the Connes-Kreimer Hopf algebra from a certain Lie algebra whose bracket
is given by the insertion of one graph Γ into another graph Γ0 at the vertices. More
explicitly, the Lie bracket is given by the formula (see [16])

 

X
X
(3.1.2)
[Γ, Γ0 ] =
Γ0 ← Γ ,
Γ ← Γ0 −
all vertices of Γ0

all vertices of Γ

where Γ ← Γ0 denotes the insertion of Γ0 at a given vertex of Γ and similiarly for
Γ0 ← Γ.
Feynman graphs form a category FGph of Feynman graph [116] where the
objects of FGph are labeled Feynman graphs (with a distinguished empty graph)
and the set of morphisms given by
Hom(Γ1 , Γ2 ) := {(γ1 , γ2 , f ) : f : Γ1 /γ1 ' γ2 }.
Here the quotient Γ1 /γ1 is the standard quotient for Γ1 connected and the isomorphism means a bijection between the sets of vertices and edges of Γ1 and Γ2
inducing bijections on incidences. It is shown in [116] that FGph is a symmetric
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monodial catgory (but not abelian) with Hom(Γ1 , Γ2 ) and Extn (Γ1 , Γ2 ) being finite sets. The category FGph resembles a finitary abelian category and the main
result of [116] is that the notion of a Ringel-Hall algebra makes sense for FGph
and furthermore, the Connes-Kreimer Lie algebra ([16]) can be viewed as one. It
is worth remarking that the Grothendieck group of this category is
(3.1.3)

K(FGph) = Z[P]

of primitive graphs.
3.2. Insertion and graph polynomials
Most of what would follow is a study of insertions into vertices (3.1.2) even
though for the sake of completeness we also formulate the (uninteresting) case of
insertion into edges.
3.2.1. Notation, preliminaries and comments. All through we work with
a fixed gluing map (one-to-one) s : Ev → Eγext once and for all. For a given graph
Γ, we write EΓ to mean the set of edges of and EΓext to mean the set of half/external
edges of Γ. The set of vertices of Γ is denoted as VΓ . The complete graph with
n vertices is denoted by Fn . The notion of partition of a set is the usual one and
we use the terminology subordinate partition to mean the usual refinement of a
partition; all other terminology and properties of partitions are applicable in our
case.
Let γ ⊂ Γ be a tree i.e. h1 (γ) = 0 in a connected graph Γ with n internal
edges. Let γ ⊂ Γ be a tree i.e. h1 (γ) = 0 in a connected graph Γ with n internal
edges. In terms of the embedding P(EΓ ) ,→ P#EΓ −1 we have the following two
results about the relationship between XΓ , Xγ and XΓ/γ .
S Proposition 3.1 (proposition 3.4 of [92]). Let XΓ ⊂ P(EΓ ) and let L(γ) =
e∈Eγ {Ae = 0} be the linear subspace of P(EΓ ) corresponding to γ. Then L(γ) is
identified with P(EΓ/γ ) and under this identification
XΓ/γ = XΓ ∩ L(γ).
Now let us assume that h1 (γ) > 0. Then we know that L(γ) is contained in
XΓ (proposition 3.1 of [92].) In this case we have the following proposition about
the blowups of coordinate linear subspaces associated to the subgraphs γ and their
identification with Xγ and XΓ/γ .
Proposition 3.2 (proposition 3.5 of [92]). Let P → P(EΓ ) be the blowup of
L(γ) ⊂ P(EΓ ) and let F ⊂ P be its exceptional locus. Let Y ⊂ P be the strict
transform of XΓ in P . Then there are the following canonical identifications
F
Y ∩F

' P(EΓ ) × P(EΓ/γ ),
= (Xγ × P(EΓ/γ )) ∪ (P(Eγ ) × XΓ/γ ).

The proof of proposition 3.2 relies on the identification of the polynomial ring
K[Ae ]e∈Γ/γ ⊗ K[Ae ]e∈γ with the tensor product of the coordinate rings of P(EΓ/γ )
and P(Eγ ) and then showing that ΨΓ/γ (Ae )e∈Γ/γ · Ψγ (Ae )e∈γ ∈ K[Ae ]e∈Γ/γ ⊗
K[Ae ]e∈γ .
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As clarified in the remark after proposition 6.3 in [8], proposition 3.2 is the
geometric interpretation of the formula ΨΓ = Ψγ ΨΓ/γ + f (A1 , . . . , Am ) where m
= number of internal edges of the quotient graph Γ/γ and f (A1 , . . . , Am ) is some
polynomial of degree strictly greater than h1 (γ). Our main result would be an
explicit identification of the term f (A1 , . . . , Am ) (which we call the direct graph
polynomial) in the context of graph insertions instead of the dual operation of
taking quotients by subgraphs as in the coproduct (3.1.1).
3.2.2. Insertion into vertices. Let γ and Γ be two graphs and v ∈ VΓ . Let
Ev be the set of edges in EΓ ∪EΓext adjacent to v. Let Γ ← γ be the graph obtained
by removing v and identifying external (open) edges via s. Our main problem is
to write ΨΓ←γ in terms of graph polynomials of Γ and γ.
Let Γ − v be the graph Γ where v ∈ EΓ has been split into #Ev disjoint pieces.
These #Ev vertices are called split vertices.
Consider now on Ev the following equivalence relation: e1 ∼ e2 iff e1 and e2
are connected in Γ − v. and write Pv to denote the resulting partition of Ev . Note
the following:
Remark 3.3. For e1 ∼ e2 it is necessary (but not sufficient) that there is a
cycle c ∈ H1 (Γ) with e1 ∪ e2 ⊂ c.
Let P be subordinate to Pv . For an external line e ∈ Eγext denote by ∂e the
unique (external) vertex of γ which meets e. Now for all {q1 . . . qn } ∈ P identify
(merge) the vertices ∂s(q1 ) . . . ∂s(qn ) of γ respectively. The resulting graph is
denoted γP . Note that EγP = Eγ in our conventions.
.
Recall the complete graph Fn where n = #Ev . Fix a bijection b : Ev → EFext
n
0
The partition P of Ev then induces a partition of VFn which we denote by P =
∂bP. Let now d be a spanning tree of Fn such that all restrictions of d to the
full subgraphs of Fn defined by any Q ∈ P 0 are connected. Consider the graph
Γ ←v,b Fn and remove from it all edges of d which connect vertices from the same
cell of P 0 . Then shrink (collapse) all edges of d which connect different cells of
P 0 . The resulting graph will depend in general on the choice of d and is denoted
ΓP (d). For the proof of an intermediate proposition, we would need the following
lemma:
Lemma 3.4. Let G be a graph and G1 , . . . , Gn a chain of subgraphs, i. e. Gi ∩
Gi+1 = {vi } with vi ∈ VG , vi 6= vj for i 6= j, and Gi ∩ Gj = ∅ for j 6= i, i + 1. Then
Y
ΨG1 ∪...∪Gn =
ΨGi .
i

Another useful notion would be the direct spanning tree:
Definition 3.5. Let P ≤ Pv and ΓP (d) as defined above. Let
XY
Ψ̃ΓP (d) :=
Ae
t

e6∈t

where the sum is over all spanning trees t of ΓP (d) such that for each Q ∈ P and
any edges e1 , e2 ∈ Q the (unique) path in t from e1 to e2 does not meet any of
the edges in Ev \ Q. We call such a t a direct spanning tree and Ψ̃ΓP (d) the direct
graph polynomial.
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Proposition 3.6. The direct graph polynomial is independent of d and thus
simply denoted as Ψ̃ΓP .
Proof. Let t be a direct spanning tree. For Q ∈ P let tQ be the subgraph of
t defined as the union of paths from q1 to q2 where q1 , q2 vary in Q. Then tQ is
again a spanning tree as a consequence
Q of t being
Q Qdirect. Let P = {Q1 , . . . , Qn }.
By the lemma 3.4, ΨtQ1 ∪...∪tQn = i ΨtQi = i e6∈tQ Ae which is independent
i
P
of d. This implies that the sum Ψ̃ΓP = t ΨtQ1 ∪...∪tQn .

We now state and prove the main theorem of this Chapter:
Theorem 3.7. The graph polynomial of Γ ← γ is determined as follows.
(1)
ΨΓ←γ = Ψγ ΨΓ + Ψ̃γ,Γ
where Ψ̃γ,Γ , unless vanishing, is of degree higher (resp. lower) in the edge
variables of γ (resp. Γ) and
(2) Ψ̃γ,Γ is given by
X
Ψ̃γ,Γ =
ΨγP Ψ̃ΓP
06=P ≤Pv

The first part is proved in terms of contraction of subgraphs in proposition 3.5
of [92] (also as proposition 6.3 of [8]). We give an independent proof. The second
part is more involved.
Proof. Part (1): Let t be a spanning tree of γ and T one of Γ. Clearly
T ← t is a spanning tree of Γ ← γ which explains the first term. Let now t
be any spanning tree of Γ ← γ and denote by t|Γ the subgraph of Γ such that
t = t|Γ ← t|γ. Clearly H1 (t|γ) = 0 but H1 (t|Γ) may be 6= 0. Consequently,
deg Ψ̃γ,Γ = deg Ψγ ΨΓ + h1 (t|Γ). (Indeed, making a tree into n homology cycles
requires n additional edges.)
Part (2): Let t be a spanning tree of Γ ← γ with t = tΓ ← tγ where tγ = t|γ
and tΓ = t|Γ. Define a partition P (t) of Ev in the following way: e1 ∼ e2 for
e1 , e2 ∈ Ev iff e1 and e2 are connected in tΓ . One sees that P (t) ≤ Pv . Using (1)
we may assume that P (t) = 0 (the full partition/empty equivalence relation).
We show (a) that (tΓ )P (t) is a direct spanning tree of ΓP (t) and (b) that (tγ )P (t)
is a spanning tree of γP (t) .
In order to see (a), let w1 , w2 be two vertices of (tΓ )P (t) . Since t is a spanning
tree of Γ ← γ there are paths from w1 and w2 to some split vertices v1 , v2 of v,
respectively, and it suffices to see that v1 and v2 are connected in order to prove
that (tΓ )P (t) is connected. If v1 and v2 are in the same cell Q of P 0 (t), then they
are connected through a path in tΓ by the very definition of P 0 (t) which, by very
definition, is ∂bP (t). This fact, along with proposition 3.6 and lemma 3.4 gives us
the desired result. The proof of the case when v1 and v2 are not in the same cell
Q of P 0 (t) is very similar– one introduces a “virtual” edge connecting v1 and v2
and repeats the argument.
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Note that since Ψγ 0 = Ψγ and Ψ̃Γ0 = ΨΓ , we may equivalently write
X
ΨΓ←γ =
Ψγ P Ψ̃ΓP .
0≤P ≤Pv

In the above description of ΨΓ←γ note the symmetry γ ↔ Γ − v in case the latter
is connected. This symmetry is in fact broken by summing over partitions with
respect to Γ − v. I
3.2.3. Insertion into edges. Insertion of γ into an edge of Γ means
(i) Insert a vertex in the middle of this edge.
(ii) Insert γ into this vertex.
Having Theorem 3.7 it remains to study step (i). Let e ∈ EΓ . Let Γe be the graph
obtained from Γ by inserting a new vertex v in the middle of e. We call e1 and e2
the two edges of Γe adjacent to v.
Proposition 3.8.
ΨΓe = ΨΓ |Ae =A1 +A2
Proof. Let t be a spanning tree of Γ. Either t includes e or it does not. If
it does, t − e ∪ e1 ∪ e2 defines a spanning tree of Γe . If t does not include e, then
t − e ∪ e1 and t − e ∪ e2 define spanning trees of Γe . Conversely, every spanning
tree of Γe is obtained this way.

3.3. Singularities of hypersurfaces
In this section from our previous results certain statements about the graph
hypersurfaces XΓ←γ themselves and their singular loci; our methods are rather
elementary and depend solely on the insertion formula deduced above.
Let X̃γ,Γ = {Ψ̃γ,Γ = 0}. XΓ , Xγ and X̃γ,Γ are projective hypersurfaces in Pn−1
where n = #EΓ←γ . Let CX be the affine cone over X a projective space. The
question if the projective variety XΓ or the affine variety CXΓ is the physically
relevant object to consider depends on whether Γ is divergent or not. This, in turn,
depends in particular on D, the dimension of space time. In case Γ is primitive
and logarithmically divergent, the projective XΓ is the one we are interested in,
as the projective period integral (1.7.17) gives the residue [8] of Γ. The latter is
the only renormalization-scheme independent quantity that may be associated to
it. In case Γ is convergent, the affine variety, and the obvious period defined on it,
would be the appropriate object to look at.
3.3.1. Insertion into vertices. From part (1) of Theorem 3.7 the following
statements about the cones follow immediately. The second and third one will be
most useful.
Corollary 3.9.
C X̃γ,Γ ∩ (CXγ ∪ CXΓ ) = CXΓ←γ ∩ (CXγ ∪ CXΓ )
Sing C X̃γ,Γ ∩ (CXγ ∩ CXΓ ) = Sing CXΓ←γ ∩ (CXγ ∩ CXΓ )
Sing C X̃γ,Γ ∩ Sing CXγ

= Sing CXΓ←γ ∩ Sing CXγ

Sing C X̃γ,Γ ∩ Sing CXΓ = Sing CXΓ←γ ∩ Sing CXΓ
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Proof. Straightforward from Theorem 3.7, part (1) and the Leibniz rule.



Remark 3.10. The amount of information one gets out of Corollary 3.9 depends on how much of the singular locus of Γ ← γ is covered by Xγ ∩ XΓ . There
are examples where the latter intersects the singular locus in only one point (see
subsection 3.4.2).
The following proposition however gives a sufficient condition for these intersections to be quite large.
Proposition 3.11. Consider Γ ← γ such that Pv is the only nonempty partition subordinate to itself, ΓPv is a tree, and in γ the only two vertices that would
be identified when creating γPv are connected by one and only one edge. Then
(3.3.1)

Sing CXΓ←γ ⊆ CXγ ∩ CXΓ ∪ Sing CXγ

and therefore
(3.3.2)

Sing CXΓ←γ = Sing C X̃γ,Γ ∩ (CXγ ∩ CXΓ ∪ Sing CXγ )

Proof. Pv contains only one set with two elements, write {e1 , e2 }. Let el be
an edge joining ∂s(e1 ) and ∂s(e2 ) in γ. Note that ΨΓPv = 1. Then, by Theorem 3.7,
ΨΓ←γ = Ψγ ΨΓ + ΨγPv .
ΨγPv is a multiple of Al since el forms a loop in γPv . Let x = (A1 , . . . , An ) ∈
Sing CXΓ←γ . It follows that Ψγ (x) = 0 since ΨΓ is linear (h1 (Γ) = 1) and Ψγ ,
Ψ̃γ,Γ constant in the ei ∈ EΓ . Hence also ψγ,Γ (x) = 0. One concludes from ΨγPv =
Al (Ψγ |el =0 ) that both Al and ΨγPv vanish. Therefore x ∈ Sing C X̃γ,Γ . By the
Leibniz rule it follows that ψΓ (x)∇ψγ (x) = 0 and finally (3.3.1). In order to get
from there to (3.3.2), use the second and third item of Corollary 3.9.

A special case of the above proposition is Γ = Cn a cycle graph and γ as above
plus Xγ smooth, which means Sing CXγ = 0 ∈ A#Eγ . In this case Sing CXγ ⊆
Sing C X̃γ,Γ and (3.3.2) simplifies to
(3.3.3)

Sing CXCn ←γ = Sing C X̃γ,Cn ∩ CXγ ∩ CXCn .

3.3.2. Insertion into edges. Recall that Γe denotes the graph Γ where a
vertex has been inserted into the edge e. From Proposition 3.8 we know that the
graph polynomial of Γe depends on the variables A1 and A2 only through their
sum A1 + A2 . Hence we deduce
Proposition 3.12. Let CXΓ be the projective cone in P#EΓ over the hypersurface XΓ in P#EΓ −1 . Then
XΓe ' CXΓ .
3.4. Examples and applications
3.4.1. Two second order examples. The first example is a graph which
is primitive in D = 4 dimensions, and therefore the period integral immediately
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well-defined, without renormalization of subdivergences.

Γ←γ=
It arises from the insertion of

γ=
into

Γ=
From Theorem 3.7 one obtains
ΨΓ←γ = (A1 + A2 + A3 )(A4 + A5 ) + (A1 + A3 )A2 ,
and from the remark after Proposition 3.11
Sing CXΓ←γ = {A1 + A3 = A2 = A4 + A5 = 0}.
The second example is of similar nature,

Γ←γ=
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from

γ =

Γ =
One finds as above
ΨΓ←γ = (A1 + A2 )(A3 + A4 ) + A1 A2 ,
and
Sing CXΓ←γ = {A1 = A2 = A3 + A4 = 0}.
Γ ← γ is a non-primitive graph in D = 4 by powercounting, and the subdivergence
needs to be subtracted in order to make the period integral well-defined.
3.4.2. The wheel with three spokes. This is an example of a graph which
does not satisfy the assumptions of Proposition 3.11, and, accordingly, Corollary 3.9 can not be expected to tell anything useful.

Γ=

γ=
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Clearly,

Γ←γ=
called the wheel with three spokes, and studied extensively in [92, 8].
ΨΓ = A1 A2 + A1 A3 + A2 A3
Ψγ = A4 + A5 + A6
Applying Theorem 3.7, one easily finds
Ψ̃γ,Γ = A4 A5 A6 + A1 A5 (A4 + A6 ) + A2 A6 (A4 + A5 ) + A3 A4 (A5 + A6 )
The first term corresponds to the partition Pv = {{1, 2, 3}}, the second to P =
{{1}, {2, 3}} and so on. Consequently,
Sing C X̃γ,Γ = {A4 = A5 = A6 = 0}
∪ {A1 = A2 = A3 = A4 = A5 = 0}
∪ {A1 = A2 = A3 = A4 = A6 = 0}
∪ {A1 = A2 = A3 = A5 = A6 = 0}
and
Sing C X̃γ,Γ ∩ (CXγ ∩ CXΓ ) = {A4 = A5 = A6 = 0, A1 A2 + A1 A3 + A2 A3 = 0}.
However,
Sing CXΓ←γ

= {A1 A4 + A1 A5 + A1 A6 + A4 A6 = 0,
A2 A4 + A2 A5 + A2 A6 + A4 A5 = 0,
A3 A4 + A3 A5 + A3 A6 + A5 A6 = 0}

by explicit computation. Taking the intersection with CXγ ∩ CXΓ one sees only a
small part of the actual singular locus. For graphs with this property one resorts
to the more sophisticated methods of section 8 of [92].

3.4.3. Half-open ladder graphs. These form a sequence of graphs for which
Proposition 3.11 does apply, and accordingly we get a number of nice results from
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it.

Γn =
ΨΓn = A3n+1 + A3n+2 + A3n+3
We are interested in the nested insertions

Γn ← . . . ← Γ0 =
We begin with the case n = 1, similar to the first example in subsection 3.4.1.
Ψ̃Γ0 ,Γ1 = (A1 + A3 )A2
ΨΓ1 ←Γ0 = (A1 + A2 + A3 )(A4 + A5 + A6 ) + (A1 + A3 )A2
C X̃Γ0 ,Γ1 = {(A1 + A3 )A2 = 0}
Sing C X̃Γ0 ,Γ1 = {A1 + A3 = A2 = 0}
From Proposition 3.11,
Sing C X̃Γ1 ←Γ0 = {A1 + A3 = A2 = 0, A4 + A5 + A6 = 0}.
Before generalizing to arbitrary n, let us look at the next step.
Ψ̃Γ2 ,Γ1 ←Γ0 = ((A1 + A2 + A3 )(A4 + A6 ) + (A1 + A3 )A2 )A5
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ΨΓ2 ←(Γ1 ←Γ0 ) = (A1 + A2 + A3 )(A4 + A5 + A6 )(A7 + A8 + A9 )
+(A1 + A3 )A2 (A7 + A8 + A9 )
+((A1 + A2 + A3 )(A4 + A6 ) + (A1 + A3 )A2 )A5
C X̃Γ2 ,Γ1 ←Γ0 = {((A1 + A2 + A3 )(A4 + A6 ) + (A1 + A3 )A2 )A5 = 0}
Sing C X̃Γ2 ,Γ1 ←Γ0 = {(A1 + A2 + A3 )(A4 + A6 ) + (A1 + A3 )A2 = A5 = 0}
Finally, from Proposition 3.11,
Sing C X̃Γ2 ←Γ1 ←Γ0
= {(A1 + A2 + A3 )(A4 + A6 ) + (A1 + A3 )A2 = A5 = A7 + A8 + A9 = 0}
∪ {A1 + A3 = A2 = A4 + A6 = A5 = 0}.
More generally, one finds
Proposition 3.13.
(3.4.1)

Ψ̃Γn−1 ←...←Γ0 ,Γn = A3n−1 ΨΓn−1 ←...←Γ0 |A3n−1 =0



Therefore
CZΓn ←...←Γ0 =

(
X

)
w=0

w

where the sum is over all words of the form w = a0 b1 c2 a3 . . . an on the alphabet
{ai , bi , ci } such that the indices are ordered from 0 to n, such that c0 or bn do not
appear and bi implies ci+1 . Finally ai = A3i+1 + A3i+2 + A3i+3 , bi = A3i+1 + A3i+3
and ci = A3i−1 . Furthermore,
(
)
X
Sing CXΓn ←...←Γ0 =
ŵ = 0 = cn = an = 0
w

where now w are words as above ending on cn and ŵ is the word w with the last
character cn omitted.
Proof. For (3.4.1) note that Pv = {{3n + 1, 3n + 3}, {3n + 2}}, and there is
no nontrivial partition strictly subordinate to it. Write γ = Γn−1 ← . . . ← Γ0 .
Then γPv is γ with the “outmost” vertices (bordering the edges 3n − 2 and 3n)
identified to a single vertex. The edge 3n − 1 becomes a loop at this new vertex
which must not be part of any spanning tree of γPv .

γPv =
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On the other hand, the tree {3n + 1, 3n + 2, 3n + 3} is a direct spanning tree of ΓnPv .
The second item follows from (3.4.1) in a straightforward way. For the singular
locus, Proposition 3.11 is essential.


3.5. Characteristic classes of graph hypersurfaces
Apart from studying the local geometry of the graph hypersurfaces, one would
also like to obtain intersection-theoretic and topological information about them
such as their Euler characteristic, for example. Unfortunately because of the fact
that graph hypersurfaces are singular (with the singular loci of low codimension),
our usual notion of Chern classes have to be modified in a very non-trivial way so
as to be applicable to the study of singular schemes. In this section we present
some examples of computation of these “modified” characteristic classes using a
Macaulay 2 program written by Aluffi [109]and speculate how graph insertions
might affect the characteristic classes thus obtained. For the first rigorous study
in these direction for the case of the family of banana graphs, see [1].
Some background (following [1]): other than using the Grothendieck ring, another way of analyzing graph hypersurfaces is to use the pushforward of the ChernSchwarz-MacPherson classes of the graph hypersurfaces to the Chow group. (This
method does depend on the specific embedding of the graph hypersurface in the
ambient projective space.) The terminology follows from the fact that MacPherson proved the existence of a theory of characteristic classes for singular varieties
conjectured by Grothendieck and Deligne; independently these classes were constructed and studied by M.-H Schwarz, extending theorems of the Poincare-Hopf
type to singular varieties. These CSM classes are a much more refined measure of
singularities other than a simpler generalization of the notion of Chern classes to
the singular case. The construction essentially depends on covariant functoriality
of the assignment X 7→ F (X) where F (X) is an abelian group of constructible
functions and the existence of a natural transformation between the functor F and
the homology functor. (See [1] for a nice nontechnical account.) One of the main
facts about this CSM classes are that the degree of these classes equal the Euler
characteristic even in the possibly singular case. CSM classes also, importantly
satisfy the inclusion-exclusion principle. The Milnor class is a direct measure of
the singularities of the variety in question: for example the dimension of the singular locus of a variety equals the largest dimension of a non-zero term in the Milnor
class.
In [1] it is shown, using CSM classes, that the Euler characteristic of the
hypersurfaces arising from a family of banana graphs with n parallel edges, n ≥ 3,
between two vertices is given by
(3.5.1)

χ(XΓn ) = n + (−1)n .

We report in the next two examples computations of the CSM classes for two
interesting graphs; in all of the following H denotes the hyperplane class.
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Example 3.14 (the dunce’s cap (section 4.1, second example)).
Ambient space
P3
Ring
Q[A1 , A2 , A3 , A4 ]
Ideal
(A1 + A2 )(A3 + A4 ) + A3 A4 )
Fulton class
4H 3 + 4H 2 + 2H
Chern-Schwartz-MacPherson class
3H 3 + 4H 2 + 2H
Milnor class
−H 3
Example 3.15 (Wheel-with-3-spokes, section 4.2).
Ambient space
Ring
Ideal
Fulton class
Chern-Schwartz-MacPherson class
Milnor class

P5
Q[A1 , A2 , A3 , A4 , A5 , A6 ]
(A1 A2 + A1 ∗ A3 + A2 ∗ A3 )A(A4 + A5 + A6 )+
A4 A5 A6 + A1 A5 (A4 + A6 ) + A2 A6 (A4 + A5 ) + A3 A4 A(A5 + A6 ))
27H 5 + 6H 4 + 18H 3 + 9H 2 + 3H
6H 5 + 12H 4 + 14H 3 + 9H 2 + 3H
−21H 5 + 6H 4 − 4H 3

Needless to say, both of these examples satisfy the positivity conjecture of [1].
In general, explicit computations of CSM classes remain very difficult; the
program of [109] in general only works efficiently for graphs with small number
of loops and edges. As a problem for the future, let us remark that one perhaps
ought to study the CSM classes of a graph, before and after inserting another
graph. For example consider the half-ladder graphs. As a first case, we insert one
triangle into another at a fixed vertex v.
Example 3.16 (Half open ladder first insertion (6 edges)).
Ambient space
P5
Ring
Q[A1 , A2 , A3 , A4 , A5 , A6 ]
Ideal
(A1 + A2 + A3 )(A4 + A5 + A6 ) + (A1 + A3 )A2
Fulton class
6H 5 + 12H 4 + 14H 3 + 8H 2 + 2H
Chern-Schwartz-MacPherson class
5H 5 + 11H 4 + 13H 3 + 8H 2 + 2H
Milnor class
−H 5 − H 4 − H 3
After another insertion of a triangle at v, we get:
Example 3.17 (Half open ladder second insertion (9 edges)).
Ambient space
P8
Ring
Q[A1 , A2 , A3 , A4 , A5 , A6 , A7 , A8 , A9 ]
Ideal
(A1 + A2 + A3 )(A4 + A5 + A6 )(A7 + A8 + A9 )+
(A1 + A3 )A2 (A7 + A8 + A9 ) + (A1 + A2 + A3 )(A4 + A6 )A5
+(A1 + A3 )A2 A5
8
7
6
Fulton class
−162H + 90H + 54H + 108H 5 + 90H 4 + 54H 3 + 18H 2 + 3H
Chern-Schwartz-MacPherson class
9H 8 + 34H 7 + 72H 6 + 96H 5 + 85H 4 + 50H 3 + 18H 2 + 3H
Milnor class
171H 8 − 56H 7 + 18H 6 − 12H 5 − 5H 4 − 4H 3
It would be interesting to see any similarity between the general case of halfladder graphs and the banana graphs case in (3.5.1). This will require theoretical
insight to see since the program of Aluffi seems to slow down tremendously even
in the case of the third insertion.

CHAPTER 4

String vacua and computation theory
4.1. Introduction
Fundamental physical theory finds itself, circa 2009, in a rather peculiar position. On one hand we have the Standard Model (SM) of particle physics with
its three generations of quarks and leptons and the force mediating gauge bosons.
The SM has been verified by all experiments so far with the single exception of
the Higgs Boson and it is widely anticipated that it would be detected in the first
runs of the LHC in the next couple of years. We also have general relativity (GR)
which works remarkably well as a theory of gravity, atleast at the intermediate
cosmological scales. However, when we try to unify quantum theory with GR
(let alone the quantum SM with GR!) we reach a road block– for one, we do not
have a proof whether this is fundamentally impossible or not. A popular claim is
that a supersymmetric theory of strings and membranes in a 11-dimensional space
provides the consistent unification of quantum field theory with GR incorporating
the SM as a low energy effective theory.
The problems with this approach has been highlighted and much debated in
the last couple of years (cf. [78]). The scientific crux of the argument against
superstrings/M-theory relies on one major problem– instead of predicting a unique
vacuum state which would, putatively, describe our universe, strings/M-theory
admits a very large number of vacua. This collection of vacua, in analogy to
problems in evolutionary biology, has been termed the string Landscape.
Much ink has been spent on merits and demerits of the string Landscape.
Opponents have decried it as an example of how wrong a scientific theory can
be in terms of not being falsifiable. Proponents have argued that, eventually, by
studying the statistics of the Landscape– i.e. of the configuration space C of string
vacua, |C| ∼ 10500 – coupled to one version of the anthropic principle or the other,
we would be able to identify a unique state that describes our universe. In fact,
some cosmologists (for example Vilenkin [82]) have argued that, along with the
KKLT moduli stabilization mechanism and eternal inflation, the existence of the
string Landscape points to a multiverse where each causally disconnected part is
a universe of its own (literally!) separated from another by domain walls and each
with its own set of free parameters, unification gauge group etc.
The goal of this Chapter is to examine some computation-theoretic aspects
of this multiverse picture to draw the conclusion that it may be fundamentally
impossible to separate one point in the Landscape from the other. I will do so
by examining some decidability problems associated to the choice of an average
unification gauge group in the multiverse. I will claim that the moduli space of
metrics on a Calabi-Yau manifold has a fractal structure and argue, following
the work of Nabutovsky and Weinberger, that there are several computability
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issues associated to the explicit construction of a Ricci-flat metric on a Calabi-Yau
manifold. I will also argue that the problem of deciding whether two points on
the Landscape have the same fundamental period may also be computationally
intractable.
At the outset, I must mention the predecessor to this line of thought– Denef
and Douglas, in an influential paper a couple of years ago, had shown that the
problem of matching the observed (small) value of the cosmological constant in
the Bousso-Polchinski model was NP-complete [64]. In the concluding sections of
[64], they make several brief remarks which form the germ of this work.
Certain parts of this Chapter may appear quite speculative. In a paper currently under preparation [76], I shall furnish the full mathematical details for the
arguments made here.
4.2. Decidability and gauge groups
One of the greatest discoveries in twentieth century physics has been that our
material universe is best described in terms of local and global gauge symmetries.
The Standard Model has, as input data, three Lie gauge groups: the abelian
gauge group U (1) describing electromagnetism and the nonabelian gauge groups
SU (2) and SU (3) describing weak and strong interactions respectively. Through
a phenomenom of gauge mixing between SU (2) and U (1), the gauge symmetry
underlying the SM is
(4.2.1)

GSM := SU (3) × SU (2) × U (1).

(It is customary to consider the quotient of the r.h.s of (4.2.1) by Z/6Z.) All
elementary particles are then described in terms of representations of the corresponding Lie algebras.
By running the coupling constants to a sufficiently high energy (∼ 1016 GeV)
and some fine-tuning, one expects that the three fundamental forces of nature
would be unified in the sense that GSM would be a subgroup of a larger unification
group G. There are some basic representation-theoretic restrictions on what G can
or can not be based on the fact that we should at lower energies see GSM of the
form (4.2.1). These are (cf. [65]) that, for E a fixed real Lie group,
(1) G should be a subgroup of E which is connected, reductive and compact
and centralizing the Lorentz group SL(2, C),
(2) Chirality conditions on the GSM : V2,1 is a complex representation of G
(Vm,n denotes complex representation of G × C), and
(3) No exotic higher spin particles: Vm,n = 0 if m + n > 4.
Popular choices for G has been Georgi–Glashow SU (5) (ruled out by proton decay
experiments), Spin(10), E6 and the Pati–Salam group (Spin(6) × Spin(4))/Z/2Z.
Of course, these requirements on G are for a very distinguished point on the
Landscape, namely the universe we live in! In principle, different points on the
Landscape could have wildly different G. Of course, we would like to show that
“almost all” points in the configuration space have G with a subgroup GSM of the
form (4.2.1) (the “naturalness condition”) but diversity arguments (akin to those
in evolutionary biology) forces us to consider very general Lie groups with diverse
subgroups.
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The central parameter for statistical analysis of gauge groups in the Landscape
is the average rank of the gauge group (the average taken over the entire configuration space C with respect to a suitable measure). This average rank is then
expressed in terms of the number of complex moduli of the compactified space and
the configuration of D-branes wrapping it (in terms of flux).
More precisely, following [71]1, for X a CY 4-fold such that the orientifold
limit of the F-theory compactified on X is of type IIB on the orientifold Y , the
average rank of a D3-brane gauge group is [71]
L∗
,
2n + 3
where n is the number of complex structure moduli of Y and
Z
L∗ = ND3 + F RR ∧ H N S .
(4.2.2)

hRD3 i =

(ND3 is the net D3-brane charge.) We additionally require the tadpole cancellation
condition L∗ − ND3 = χ(X)
where χ(X) is the Euler characteristic of X. In
24
presence of a small cosmological constant Λ∗ , the gauge group rank average is not
significantly different from (4.2.2):
hRD3 iΛ∗ =

L∗
.
2n + 2

A notable fact in (4.2.2) is the absence of any parameter that depends on the
explicit structure of the CY 3-fold. It is shown in [71] that for Y the standard
orientifold T6 /Z2 with symmetric flux, n = 1 and L∗ = 16, so hRD3 i = 16
5 which
is close to the SM gauge group rank of 4. Of course, in presence of a small c.c. for
the standard orientifold, hRD3 iΛ∗ = 16
4 = 4 which is exactly the SM gauge group
rank. It is also shown that the fraction of all SUSY vacua that have gauge group
rank R (of, possibly, the unification gauge group) above the SM gauge group rank
RSM is
 R 
SM
(4.2.3)
η ∼ exp −
hRi
in the large n limit. In related analysis Gmeiner et. al [68] estimate that the
frequency of occurrence of minimally supersymmetric standard model in the Landscape (with supersymmetric intersecting D-branes on an toriodal orientifold background) is of the order 10−9 .
Let us fix a point in C and write the gauge group rank of this point as r and
the corresponding gauge (Lie) group as G. Let us furthermore imagine that there
exists a sequence of Lie groups Gi with rank of Gi = αi for i ∈ I a finite index
set such that either each individual Gi is a subgroup of G satisfying condition (1)
above or a product of Gi is a subgroup of G satisfying (the rather mild!) condition
(1). Other than satifying the condition (1), each Gi or their product could be any
Lie group and of any real dimension; the mechanics of flux compactification does
not in principle prohibit this.
The question at hand is
1Similar analysis was also done by Blumenhagen et. al. [62]
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Question 4.1. Given the rank r of G and the ranks of Gi being αi , can we
find a subsequence Gk , 1 ≤ k < n, n = |I| such that α1 + α2 + . . . + αk = r?
Before proceeding with the answer, let us pause to understand the implication
of this question. This question is another way of asking whether there is a way
by which we can, by looking at rank of the (unification) gauge group of a single
point in C, determine the gauge groups at that point, after a putative symmetry
breaking.
The answer is, surprisingly, that the problem is NP-complete because of the
following classic theorem in computational complexity.
Theorem 4.2 (Subset-sum problem, [67]). Let S be a set of positive integers
and S 0 a subset of S. Let k be a fixed integer. Then the decision problem of
deciding whether the sum of elements of S 0 equals k or not is NP-complete.
It is intuitively clear that theorem 4.2 answers question 4.1. However, a full
rigorous proof has to attend to certain subtleties. Implicitly in our invoking the the
subset-sum problem, we have made an assumption that the rank of a product of
groups equals the sum of ranks of terms in that product. This is prima facie only
true when the product is the free product ∗ of groups (“the Grishko–H. Neumann
theorem”):
rk(G1 ∗ G2 ) = rk G1 + rk G2 .
For our purposes we have the same holding true because the free product descends
to the tensor product at the Lie algebra level (for Lie algebras associated to the
Lie groups in question) through its universal property.
An interesting alternative to grand unification has been recently proposed by
Donoghue and Pais [66]. In their work, instead of grand unification, they propose a
federation of gauge groups by sequentially adding SU (N ) factors to GSM for large
values of N and such that the couplings converge at large enough energies. The
hope then is that instead of unification, we should seek a fundamental explanation
for SU (N ) gauge theories. At low energies, the gauge groups are “autonomous”.
It is easy to see that even in this case, and perhaps in a more straight-forward
way, that given a fixed gauge group rank r, the problem of determing the “constituent” gauge groups at low energies by rank considerations is also NP-complete,
like question 4.1 above. In this case for a sequence of “independent” gauge groups
G1 , G2 , . . . , Gn and GSM (fixed), we construct the free product


G1 ∗ G2 ∗ · · · ∗ Gn ∗ GSM
and basically repeat the argument as outlined above almost verbatim.
4.3. Moduli, computation and fractals
For a long time it was believed that the string Landscape– the set of string
vacua with small positive cosmological constant and containing the MSSM as a lowenergy effective theory– was infinite. This changed in 2006 with a paper by Acharya
and Douglas [59]. In this work it was argued that the string Landscape may be a
“discretum”; the authors argued their case on the basis of several deep “finiteness”
theorems in differential geometry and topology, including some results related to
the geometrization conjecture. More specifically, the gist of the Acharya–Douglas
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argument was that since supergravity should be a manifestation of M-theory, one
ought to look at relevant finiteness results in Riemannian geometry.
One of the differential geometry results invoked was due to Cheeger which
showed that, in a given sequence of smooth Riemannian manifolds Mi with volumes, diameters and sectional curvature bounded, there can only be finitely many
diffeomorphism types in Mi . This helped them bound the Kaluza-Klein compactification tower and the compactification volumes. Furthermore, they also invoked
a theorem due to Gromov about the space of Riemannian manifolds with fixed dimension and bounded Ricci scalar and diameter being precompact in the GromovHausdorff metric (more on that soon!). Acharya and Douglas argued that such
convergence conditions on the space of manifolds were needed to support a central
conjecture on the Landscape:
Conjecture 4.3 (Acharya–Douglas [59], “Hypothesis 1”). There exists a
minimal distance  in the configuration space C between physically distinct vacua.
I shall now argue, based on computation-theoretic grounds, that the problem
of determining whether there is a “minimal distance” between two points in C
may be undecidable. In order to argue my case, let us take a detour through a
fascinating world where geometry, topology and logic meet.
A central (and rather intuitive!) problem in topology is deciding whether there
exists an algorithm that tells, given two smooth manifolds M and N , whether M
and N are diffeomorphic (denoted as M 'diff N ) or not. The general strategy for
answering these types of questions algorithmically is to convert the problem into
a decision questions about groups (fundamental groups, homology, . . . ). A rather
famous theorem with this flavor is due to S. Novikov.
Theorem 4.4 (Novikov). For all n ≥ 5 and for all n-dimensional manifolds M
and a given fixed n-dimensional manifold P , it is unsolvable whether P 'diff M .
One could ask a weaker question than that answered by theorem 4.4, namely
when is a homology n-sphere (with n > 5 and sectional curvature bounded) diffeomorphic to the the standard n-sphere? Surprisingly enough, this problem–
intimately related to the Poincaré conjecture– can be formulated as a halting
problem. This was achieved by Nabutovsky and Weinberger [74] who showed
that, for a Turing degree of unsolvability e ∈ ω and for every Turing machine Te ,
there is a sequence of homology n-spheres {Pke }, k ∈ ω such that Pke 'diff S n if and
only if Te halts on input k and the connected sum Nke = Pke #M 'diff M and Nke
is associated to a local minima of the diameter functional on the space Met(M )
(the space of Riemmanian metrics on M upto diffeomorphisms) with the depth of
the local minima roughly equal to the settling time σe (k) of the algorithm for input
y < k [79]. A slightly more formal statement is
Theorem 4.5 (“informal thm. 0.1” of [74]). For every closed smooth manifold of dimension n > 4, there are infinitely many local minima of the diameter
functional diam : M → R on the subset Al(M ) ⊂ Met(M ) of isometry classes
of Riemannian metrics of curvature bounded in absolute value by 1 and the local
minima is given by Riemannian metrics of smoothness C 1,α for α ∈ [0, 1). Let β
be a computationally enumerable (c.e.) degree of unsolvability. Then there exists
a positive constant c(n) such that the local mimina of depth atleast β is β-dense
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in a path metric on Al(M ) and the number of β-deep minima where the diameter
is always ≤ d is no less than exp(c(n)dn ).
Theorem 4.5 may seem rather heavy-handed, just the sort of thing that mathematicians and nobody else would care about. Let us unpack it, focussing on the
space
(4.3.1)

Met(M ) := Riem(M )/ Diff(M ),

to see its relevance for the study of string vacua2.
First of all, we work in Met(M ) as opposed to Riem(M ) directly since we want
to impose a Gromov-Hausdorff (GH) metric on Al(M ); roughly speaking the GH
metric measures distances between metric spaces and we are, after all, interested
in comparing how far two Riemannian metrics are from one another. Second of
all, the theorem 4.5 tells us that the infinitely many local minima of the diameter
functional are metrics of smoothness C 1,α . These metrics have the same properties
as Riemannian structures with sectional curvature between -1 and 1 (p.6 of [74])
and therefore of obvious physical significance. The theorem also asserts that the
number of β-deep minima is an exponential of a polynomial in the diameter bound
of degree = dimension of the manifold.
In fact Nabutovsky and Weinberger prove more in [74]. They show that the
depth of the local minima (which is roughly the settling time of the algorithm, as
noted above) is in fact of the order of the “busy beaver function” in the dimension
n. (The busy beaver function is an example of a function that grows faster than
any computable function.) The unsolvability of the halting problem implies that
one would never be able to determine if the depth has actually been computed (p.
7 of [74]). One may also ask how farther apart are these basins. It is shown in
[74] that there are infinitely many deep basins between any two β1 - and β2 -deep
minima for arbitrary Turing degrees β1 and β2 .
We summarize the properties of the space Met(M ) ([74], [73], [72]) in the
table below. (Notation: inj is the injectivity radius, scal denotes the Ricci scalar
and the Einstein-Hilbert functional is defined w.r.t the standard volume form.)

Functional
Moduli space
Local minima
Depth
Einstein-Hilbert functional

Riemannian metrics on smooth M
vol / injn
Riem(M )/Diff(M )
Metrics of smoothness C 1,α , α ∈ [0, 1)
n)
exp(c(n)d
R
M

scal dµM

vol(M )

EH minimized (yes/no)
Partition function
Large scale structure

n−2
n

No (yes, after regularizing by adding |K| diam2 ,  > 0)
York–Gibbons–Hawking
Fractal

2Denef and Douglas were the first to hint that the results of Nabutovsky and Weinberger

could be of relevance to the Landscape. Unfortunately since the sequel of [64] is still awaited, we
don’t know what they would have done with it.
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In the Calabi Yau case, we are concerned with the properties of the space
(4.3.2)

MetJ (X)

of metrics on a Calabi-Yau (CY) manifold X with a fixed Kähler form J. Let
us start with the classical definition of X. A CY manifold is a complex Kähler
manifold with a trivial first Chern class and with a finite fundamental group [83].
The space (4.3.2) is the space of metrics on the CY manifold X. Now a natural
question is what sort of metrics can be put on X? A deep theorem of Yau (settling
Calabi’s conjecture) is
Theorem 4.6 (Yau, cf. [69]). If X is a complex Kähler manifold with vanishing first Chern class and with Kähler form J, then there exists a unique Ricci-flat
metric on X whose Kähler form J 0 is in the same cohomology class as J.
The existence of these metrics are of great importance in string phenomenology–
a Ricci-flat metric can be used to reduce the Einstein equation for gravity into a
real Monge-Ampere equation and the solutions to the Einstein equation on a given
CY can then describe the cosmological evolution of each point on the Landscape
(or a universe in the multiverse.)
Unfortunately, we know very few explicit examples of Ricci-flat metrics on a
given CY except in the most simple cases. On the other hand, we do have approximations to Ricci-flat metrics on a CY manifold to varying degrees of accuracy3.
For example, the algebraic metrics recently studied in Headrick and Nassar [70]
seem to approximate any smooth Ricci-flat metric to exponential accuracy. Furthermore, since the algebraic metrics are polynomials in the moduli parameters,
several computational issues intrinsic to the solution of nonlinear PDEs such as
the Einstein equations seem tractable in this approximation. The method of [70]
is to construct an energy functional out of the Kähler volume form in such a way
that minimizing this functional yields the real Monge-Ampere equation. Together
with the algebraic metrics, this yields a way to solve the Einstein equations on an
algebraic CY manifold.
However, in presence of conifold singularities, the approximation of Ricci-flat
metrics by algebraic metrics seem to be not so good. Another demand made in
[70] is that the manifolds in question should be geometrically uniform (that is,
without large characteristic scales.) This raises the following question:
Question 4.7. Let X be an arbitrary CY manifold (not geometrically uniform,
with conifold singularities, . . . ). Describe the space (4.3.2).
We are interested in setting up the problem in such way as to investigate the
properties of the space (4.3.2) in analogy to the space (4.3.1). Let us start with
some common points of similarity between the spaces (4.3.1) and (4.3.2).
(1) Convergence in Gromov-Hausdorff topology: in the Calabi-Yau case, we
have, outside a singular set, every family of Ricci-flat metrics converging
to a unique singular Ricci-flat metric in the Gromov-Hausdorff topology
[77].
3Of course, we have, by definition, a family of Hermitian metrics on X!
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(2) Diameter bound: let (X, ω0 ) be a compact n-dimensional
R Ricci-flat Kähler
manifold and ω another Ricci-flat metric such that X ω0n−1 ∧ ω ≤ c1 .
Then the diameter of (X, ω0 ) is bounded by c1 , n and ω0 [81]4.
(3) The CY analogue of Al(M ): in the Riemannian case, we are concerned
with path-metrics on Al(M ) as defined above. Essentially, this is the
space of metrics with sectional curvature bounded. The analogue of this
in the CY cases exists through [81]: it is the space of all paths αt : [0, 1] →
KN S where KN S is the closure of the ample cone.
As remarked earlier, the problem of explicitly finding a Ricci-flat metric on a
general Calabi-Yau is computationally very difficult. These facts coupled with the
similarities between the spaces (4.3.1) and (4.3.2) suggest a conjecture similar to
theorem 4.5:
Conjecture 4.8. There exists a unique functional on the space (4.3.1) such
that the local minima is β-deep for β a c.e. degree of unsolvability. Furthermore,
the local minima are given by Ricci-flat Kähler metrics and parametrized by varying
Kähler and complex moduli. The number of β-deep local minima with diameter
bounds by c1 and n (for a fixed ω0 ) is an exponential of a polynomial in c1 and n.
Evidently, if this conjecture is true, then we would have a conceptual explanation as to why it is so hard to find an explicit Ricci-flat metric in a given Kähler
class. It would, of course, also imply that the problem of exactly solving the Einstein equations on an arbitrary Calabi-Yau manifold with an explicit Ricci-flat
metric is computationally and conceptually much harder than anticipated before.
4.4. Periods and string theory vacua
The last point that I’d like to bring forth about questions of algorithmic decidability and the Landscape concerns fundamental periods of Calabi-Yau manifolds.
It is a basic claim [61] that the low energy effective theory with N = 2 supersymmetry on a Calabi-Yau 3-fold X (both the Yukawa couplings and the Kähler
potential) is encoded in the periods of the manifold which is defined as
Z
(4.4.1)
$i :=
Ω,
γi

where Ω is a holomorphic 3-form and γ i the basis of homology cycles of X. The
fundamental period of X is $0 . It is shown in [61] that $0 can be explicitly
computed for a large class of Calabi-Yau (such as those realized as hypersurfaces
in the weighed projective space or of the complete intersection type). For example,
for a one parameter family of mirrors of quintic 3-folds M/G with M given by the
P
zero locus of the polynomial p(x, ψ) = 5k=1 x5k − 5ψx1 · · · x5 and the coordinates
of M identified under the action of G = Z35 , it can be shown that
(4.4.2)

$0 (ψ) =

∞
X

(5n)!
(n!)5 (5ψ)5m
n=0

4Compare this with the diameter bound in [74].
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where |ψ| ≥ 1 and 0 < arg(ψ) <
get from (4.4.2)
(4.4.3)

2π
5 .
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After analytic continuation to |ψ| < 1, we

 
m
m
2
Γ
5 (5α ψ)
1
.

$0 (ψ) = −
5
4 1− m
Γ(m)Γ
m=1
5
∞
X

It is a theorem that for low-energy N=2 SUSY effective theory, the periods of
Calabi-Yau hypersurfaces in weighed projective space with more than two moduli
parameters can be expressed in terms of iterated Mellin-Barnes integrals and Horn
series [75].
Periods, of course, are a basic arithmetic object. While periods in superstring
theory are really functions of certain parameters (say of ψ in (4.4.3)), periods in
arithmetic algebraic geometry are numbers of a very specific form “lying” between
the algebraic closure Q and C. They are obtained from integrating an algebraic
differential form over a cycle in an algebraic variety (generally defined over Q)
[38]. It can be verified that in the string-theoretic setting of Calabi-Yau manifolds
realized as hypersurfaces in weighed projective spaces, we obtain periods in this
number-theoretic sense for all values of the multiple moduli parameters.
It is, in general, a very difficult question determining whether (1) a given
number is a period or not and (2) verifying whether two periods are the same or
not. In the paper [38], Kontsevich and Zagier give several nontrivial equalities
between periods. They, furthermore, conjecture that one period can be expressed
as another through three basic algebraic operations– (1) additivity, (2) change of
variables and (3) the Stokes formula.
One idiosyncratic view of the string Landscape (and this is decidedly mine
alone!) is imagining the entire configuration space of vacua C as a collection of
fundamental periods, one for each compactification. We can then ask whether
two points on C are the same or not by asking whether the corresponding two
fundamental periods are the same or not, for random choices of the parameter
values. Notice that this is a highly relevant question for phenomenology since the
merits of periods lie in their “knowledge” of the low-energy effective theory.
Now as Kontsevich and Zagier remark, in general, this question is likely to
be “completely intractable now and may remain so for many years” (p.8 of [38]).
The question is whether there is any precise way by which we can quantify this
intractability. Essentially, from the computational complexity point of view, we
want to get a better understanding of
(1) What sort of numbers are periods, from the computation-theoretic viewpoint?
(2) How can we distinguish periods based on their complexity such that for
two given periods, it would be “easy” (= doable in polynomial time) to
check whether the two are the same or not if and only if they are in the
same complexity class?
Question 1 has been already answered by Yoshinaga [84]: in a very interesting
paper, he shows that all (real) periods are computable in the sense of Turing. The
proof is a mixture of facts from Tarski’s quantifier-elimination theory and semianalytic geometry of Hironaka. Let me make some brief remarks about how to
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tackle question 2. Let I(s) be the Igusa zeta function
Z
(4.4.4)
I(s) =
f s ω,
∆n

where s is a complex variable, ω = dx1 ∧ · · · ∧ dxn and ∆n ⊂ Rn+1 be the standard
simplex with volume form ω. By a theorem of Belkale–Brosnan [60], we know that
if f is a polynomial in N -variables and with Q-coefficients and s0 an integer, then
the Laurent expansion of the Igusa zeta function
X
(4.4.5)
I(s) =
ai (s − s0 )i
i>N

has coefficients ai which are periods. Now we can associate to Igusa zeta functions
a canonical measure of complexity of functions, namely “heights”. The idea, very
roughly, for the construction of complexity classes for periods would be to compare
the heights so associated to the periods ai (cf. [63] for the relationship between
heights and the Igusa zeta function).
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Summary
This dissertation lies at the intersection of several branches of mathematics–
number theory, algebraic geometry and computation theory– with problems in
modern theoretical physics, namely quantum theory, string- and M-theory, with
the notion of a period (in the sense of Kontsevich–Zagier) as the unifying theme.
Essentially it is a study of questions in and around periods and their “motivic
parents” as they appear in various areas of quantum field theory and string theory.
We begin this work with a survey of certain accessible aspects of Grothendieck’s
theory of motives in arithmetic algebraic geometry for mathematical physicists,
focusing on areas that have recently found applications in quantum field theory,
especially with Feynman graphs and their motives in mind. While expository, we
have intentionally emphasized areas that have either already found applications in
quantum field theory or ones we see playing a larger role in the future as opposed
to a general survey of motives.
We begin the purely research parts of this dissertation by generalizing the
computation of Feynman integrals of log divergent graphs in terms of the Kirchhoff
polynomial to the case of graphs with both fermionic and bosonic edges. This
procedure gives a computation of the Feynman integrals in terms of a period on
a supermanifold, for graphs admitting a basis of the first homology satisfying
a condition generalizing the log divergence in this context. The analog in this
setting of the graph hypersurfaces is a graph supermanifold given by the divisor
of zeros and poles of the Berezinian of a matrix associated to the graph, inside
a superprojective space. We introduce a Grothendieck group for supermanifolds
and we identify the subgroup generated by the graph supermanifolds. This can
be seen as a general procedure to construct interesting classes of supermanifolds
with associated periods. This work is joint work with M. Marcolli.
From there we move to more combinatorial questions involving graph polynomials. In particular we provide a formula for the graph polynomial for a graph
into which another graph has been inserted, explicitly in terms of the graph polynomials of the individual graphs. We use this formula to study several problems
involving the singular loci of graph hypersurfaces. Questions such as these are
deemed to be important in any theory of motivic lifts of the Connes–Kreimer Lie
algebra. This Chapter is joint work with C. Bergbauer.
We end this dissertation with a speculative Chapter where it is argued that
questions of algorithmic decidability, computability and complexity should play
a larger role in deciding the “ultimate” theoretical description of the Landscape
of string vacua. More specifically, the notion of the average rank of the (unification) gauge group in the Landscape, the explicit construction of Ricci-flat metrics
on Calabi-Yau manifolds as well as the computability of fundamental periods is
83
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examined to show that undecidability questions are far more pervasive than that
described in the work of Denef and Douglas. This is seen as a way in which questions in logic and theoretical computer science will come to play a larger role in
theoretical physics in the future.
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